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ABSTRACT 
Theoretical and experimental studies were  made on two c l a s ses  
of buoyant jet problems,  namely: 
1) a n  inclined, round buoyant jet in a stagnant environment with 
l inear  density-stratification; 
2) a round buoyant jet in a uniform c r o s s  s t r e a m  of homogeneous 
density. 
Using the integral  technique of analysis ,  assuming s imilar i ty ,  
predictions can be made for, jet t ra jectory,  widths, and dilution 
rat ios ,  in a density-stratified or  flowing environment. Such infor- 
mation i s  of g rea t  importance in the design of disposal  sys tems for  
sewage effluent into the ocean or  waste gases  into the atmosphere.  
The present  study of a buoyant jet in a stagnant environment 
has  extended the Morton type of analysis  to  cover the effect of the 
init ial  angle of discharge. Numerical solutions have been presented 
for a range of init ial  conditions. Laboratory experiments were  
conducted for  photographic observations of the t ra jec tor ies  of dyed 
jets. In general  the observed jet fo rms  agreed  well  with the calculated 
t ra jec tor ies  and nominal half widths when the value of the entrainment 
coefficient was taken to be a = 0.082,  a s  previously suggested by 
Morton. 
The problem of a buoyant jet in a uniform c r o s s  s t r e a m  was  
analyzed by assuming a n  entrainment mechanism based upon the 
vector difference between the charac ter i s t ic  jet velocity and the 
ambient velocity. The effect of the unbalanced p r e s s u r e  field on 
the s ides  of the jet flow was approximated by a g ross  d rag  t e r m .  
Laboratory flume experiments with sinking jets which a r e  direct ly  
analogous to  buoyant jets were  performed.  Salt solutions were  
injected into f r e s h  water a t  the f r e e  surface in  a flume. The jet 
t ra jec tor ies ,  dilution ra t ios  and jet half widths were  determined by 
conductivity measurements .  The entrainment coefficient, a ,  and  
d rag  coefficient, Cd, were  found f r o m  the observed jet t ra jec tor ies  
and dilution rat ios .  In the ten c a s e s  studied where jet Froude number 
ranged f r o m  10 to 80 and velocity ra t io  (jet:  cu r ren t )  k f r o m  4 to  16, 
a varied f r o m  0 .4  to  0.5 and C f r o m  1 . 7  to 0.1. The jet mixing d 
motion for  distances within 250D was  found to be dominated by the 
self -generated turbulence, ra ther  than the f r e e - s t r e a m  turbulence. 
Similarity of concentration profiles has  a l s o  been discussed. 
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CHAPTER I 
INTRODUCTION 
Disposal of sewage into the ocean and lakes has  been practiced 
by many coastal  c i t ies  around the world. Inadequate d i spe r sa l  of 
the pollutants has  often resul ted in ser ious  contamination of the coastal  
a r e a s .  Controlling of such pollution problems re l ies  on a c lear  
under standing of the basic  flow phenomena involved. 
The recent  pract ice of mar ine  disposal  is to discharge the 
sewage effluent in jets through numerous por ts  widely spaced along 
the ocean outfall diffusers deep under the surface into the environ- 
ment  a s  indicated by Rawn, Bowerman and Brooks (27)  and Brooks (7)' 
The init ial  mixing of the sewage effluent with the sea  water  i s  
induced by the turbulent jet motion. The basic  flow phenomenon can 
be regarded as a submerged turbulent jet. 
The s implest  case  of such turbulent jet flows is a n  ordinary 
momentum jet (or  a simple jet)  where the fluids involved a r e  of 
identical density. But in mar ine  disposal problems,  the following 
environmental conditions must  be taken into consideration: 
1. Buoyancy effect 
The density of the sewage effluent i s  different f r o m  the 
density of the sea  water  o r  brackish es tuary  water .  Since sewage 
effluent has  near ly  the same  density a s  f resh  water ,  i t  i s  about 2.5% 
lighter than sea water .  Although the difference is small ,  the 
buoyancy effect on the jet behavior i s  dras t ic .  F o r  example, a jet 
discharging horizontally (or  obliquely) into a heavier fluid will  be 
deflected upwards. Such a jet, which has  init ial  buoyancy flux a s  well 
a s  the momentum flux, i s  called a buoyant jet (or forced plume).  The 
limiting case  where the flow is generated solely by buoyancy flux i s  
called a simple plume. 
Buoyant jets a r e  a l s o  produced in  f r e s h  water lakes by discharge 
of w a r m  water used for  cooling in industr ia l  p rocesses  and s t eam 
generation of e lec t r ic  power. 
2. Density stratification 
Oceans and lakes a r e  frequently stratified in  density due to  
non-uniform tempera ture  and /o r  salinity. In a stably stratified ocean, 
i t  i s  possible to  prevent r is ing sewage jets f r o m  reaching the surface 
by inducing rapid mixing of the buoyant jets with heavy bottom water ,  
thus producing a neutral ly  buoyant cloud (Brooks (7 ) ) .  The sub- 
mergence  of the sewage field is often the most  favorable situation 
for  pollution control. To  be able  to predict  the conditions for the sub- 
mergence of the jet flow field and the dilution in  the cloud produced i s  
of great  importance in  problems of disposal of waste  water .  
3 .  Current  effect 
The ocean, like the atmosphere,  i s  seldom stagnant. The 
ocean cur rents  and regular  t idal  motions affect not only the movement 
of the sewage field established a t  or near the surface,  but a l s o  the 
initial jet mixing charac ter i s t ics .  The waste gas  disposal through 
smoke s tacks is a s imi lar  problem. The effect can not be overlooked 
even if the cur rent  velocity i s  only a fraction of the jet discharge 
velocity. 
Schematic d iagrams demonstrating these  environmental effects 
a r e  shown in  Fig. 1. These three  effects a r e  considered to  be the 
m o s t  important in considering the jet behavior. Two other fac tors  
a r e  descr ibed below. 
4. Ambient turbulence 
Turbulence in the environment a l s o  affects the jet behavior. 
However, the effects on init ial  jet mixing a r e  believed to  be of 
secondary importance unless  the jet motion i s  relatively weak. There  
i s  l i t t le information on this subject. 
5. J e t i n t e r f e r e n c e  
When jets a r e  closely spaced in  a row they will gradually 
m e r g e  a s  they spread.  F o r  example, a row of round jets behaves 
like a jet f r o m  a two-dimensional slot f a r  away f r o m  the source.  
Interference effects m a y  be anticipated by prediction of the r a t e  of 
growth of the diameter  of a jet. 
I t  i s  difficult t o  solve a general  problem including all these 
factors .  Buoyant jet (or  plume) problems have been under extensive 
studies by investigators f r o m  various fields ( see  Chapter 11). The 
present  investigation seeks solutions fo r  two specific c l a s ses  of 
buoyant jet problems : 
1) a n  inclined round buoyant jet (or forced plume) 
i n  a stagnant environment with l inear density 
stratification a s  shown in Fig. 2a, 
2) a round buoyant jet discharging vertically into 
a uniform horizontal  wind (or  c r o s s  s t r e a m )  of 
homogeneous density, a s  shown in Fig. 2b. 
No density difference With density difference 
(p l=  pa) (P,<P,) 
Buoyancy Effect 
Homogeneous 
(pa = constant) 
Stratification Effect 
Stratified 
(pa # constant) 
Stagnant 
(Ua = 0) 
With cur rent  
(Ua # 0) 
Current  Effect 
Fig. 1. Effects of the environmental conditions on 
the jet behavior 
a )  An inclined round buoyant jet (forced plume) in  a stagnant 
environment with l inear density-stratification 
b) A ver t ica l  round buoyant jet in a uniform horizontal  
wind ( c ross  s t r eam)  
Fig. 2. Buoyant jet problems studied 
The solutions on jet behavior will be useful not only to the 
mar ine  disposal problems but a l so  to the problems of a s imilar  
nature such a s  the disposal of hot waste gases into the atmosphere 
o r  hot water f rom a the rmal  power plant into a lake. 
Previous studies related to the buoyant jet problems a r e  
described in Chapter 11. 
Chapter 111 gives a summary of the basic  assumptions and flow 
configurations for both c lasses  of problems. 
Chapters IV and V a r e  respectively theoret ical  and experi-  
mental investigations of the problem of an  inclined buoyant jet in a 
stagnant, stratified environment. 
Chapters VI and VII a r e  the corresponding studies on the 
problem of a buoyant jet in a uniform c r o s s  s t ream.  
The resul t s  a r e  discussed in Chapter VIII. Chapter IX gives 
a summary of the present  work and conclusions. 
CHAPTER I1 
PREVIOUS STUDIES 
In this chapter,  a survey of previous studies on jet and plume 
problems is presented. The integral  technique used by Morton, 
Taylor and Turner  (23) i n  solving the problem of a simple plume 
i n  a linearly density-stratified environment i s  briefly i l lustrated in 
Section 11-C. The nature of the entrainment coefficient a i s  d i s -  
cussed in  Section 11-F. The scope of the present  investigation i s  
summarized in Section 11-H. 
11-A. P rob lem of Simple Je t s  
A simple jet (or  a n  ordinary momentum jet) i s  the turbulent 
flow pat tern generated by a continuous source  of momentum a s  shown 
in Fig. 3a. This  i s  one of the most  fundamental cases  of f r e e  
turbulent flows. The details of the flow have been determined by 
numerous investigators.  
Experimental  resu l t s  by Albertson, Dai, Jensen and Rouse (5) 
demonstrated the s imi lar i ty  of velocity profiles and l inear  expansion 
of nominal jet boundary ( ~ N x ) ~  The velocity profile was shown to 
follow a Gaus sian distribution closely. The center-line longitudinal 
velocity u was found to be inversely proportional to  the distance of 
- 1 t r ave l  x (UNX ), and g r o s s  volume flux Q over a c r o s s  section 
increased linearly with x ,  i. e. , 
u N X I  
b - x  
ub2 N X  
UP be,= CONSTANT 
I 
-/- 
0 ---- 
VlRTUAL 
SOURCE 
A) CONCEPT OF 69 VIRTUAL SOURCE 
B) ZONE OF FLOW ESTABLISHMENT AND ZONE 
QF ESTABLISHED FLQW (AFTER ALBERTSON ET AL. (4) 
Fig. 3 .  A simple jet (axisymmetric case) 
where Q i s  the init ial  volume flux a t  the nozzle, and 
0 
D is the diameter  of the nozzle a s  shown in Fig. 3b. 
Other studies concerning the problem gave the s a m e  relations.  
Ricou and Spalding's (29) measurement  of entrainment into the jet 
confirmed eq. (1). 
In a pract ical  problem, the jet flow originates f r o m  a finite 
s i ze  nozzle with a column flow of uniform velocity. A shor t  region, 
the so-called zone of flow establishment,  exis ts  before the velocity 
profiles develop fully into Gaussian distributions. The fully 
developed region i s  called the zone of established flow a s  shown in 
Fig. 3b. The length of the zone of flow establishment i s  approxi- 
mately 6. 2 d iameters  of the nozzle based upon Albertson et a l ' s  
resul t .  A recent  work by Sami, Carmody and Rouse (31) gives 
detailed flow charac ter i s t ics  in the zone of flow establishment. 
11-B. P rob lem of Simple P lumes  
A simple plume i s  the turbulent flow pat tern generated by 
a continuous source  of buoyancy such as  caused by a steady re l ease  
of heat. The main direction of flow is i n  the direction of buoyancy 
force.  The plume h a s  no initial momentum flux. Due to continuous 
action of the buoyancy force,  the momentum flux of the plume 
inc reases  with increasing height. 
In separa te  studies by Schmidt (32) and Rouse, Yih and 
Humphreys (30), the velocity profiles a s  well  a s  the buoyancy 
profiles were  found to be s imi lar  a t  a l l  c r o s s  sections.  Both studies 
showed that  the center-line velocity followed negative one-third 
power of the distance of t r ave l  (u--y - 113) and the expansion of the 
nominal boundary was l inear with distance (b-y). The velocity and 
buoyancy profiles can be represented well  by Gaussian distributions 
a s  pointed out by Rouse et a l .  
The experimental values of Schmidt were  obtained by measure -  
ments  over heated gr ids  with a n  overal l  diameter  of 5 .5  c m  a t  levels 
up to 80 c m  above. Rouse et  al.covered longer distances by measur -  
ing over a gas  f lame and their  resu l t s  were  la ter  confirmed by Ricou 
and Spalding (29) .  Therefore the numerical  values determined by 
Rouse et a l . a re  considered to  be m o r e  reliable and adopted by most  
investigators such a s  Morton (22), Abraham (1 ,3  ) and Fan and 
Brooks (12) in their  studies. 
11-C. P rob lem of Simple P lumes  in Environments with Linear  Density 
Stratification - Integral  Analysis by Morton, Taylor and Turner  
If a plume i s  in a stably stratified environment i t  will  not r i s e  
indefinitely a s  a plume in a uniform environment a s  shown in Fig. 4. 
The mixing near  the source  makes the plume denser  while density of 
the ambient fluid dec reases  steadily upwards. Eventually the buoyancy 
force  acting on the plume will change sign and become negative. The 
plume will  stop rising when the upward momentum vanishes 
by the action of the negative buoyancy force.  Thus the plume has  a 
finite height of r i s e  and will  then spread  out horizontally in  a thin layer.  
Morton, Taylor and Turner  (23) analyzed the problem by applying 
a n  in tegra l  technique as follows based upon the following th ree  
assumptions : 
1)  The profiles of mean  ver t ica l  velocity u*(y, r )  and mean 
Po-P::' buoyancy force  g- i n  horizontal  sections a r e  of s imi lar  form:  
Po 
and 
where u is a local  charac ter i s t ic  velocity, 
b i s  a local charac ter i s t ic  length, 
p is the local charac ter i s t ic  density, 
p is the re ference  density. 
0 
2) The r a t e  of entrainment a t  the edge of the plume i s  pro-  
portional to  some charac ter i s t ic  velocity a t  that height: 
dQ 
where - is the r a t e  of change of volume flux, and 
dy 
a i s  defined to  be a n  entrainment coefficient assurned to  be 
constant in the analysis .  
3) The variation of density i s  sma l l  in comparison with the 
reference density p . 
0 
0 ' VIRTUAL SOURCE 
A SIMPLE PLUME IN A UNIFORM ENVIRONMENT 
A SIMPLE PLUME iN A LINEARLY STRATIFIED 
ENVIRONMENT 
Fig. 4. Simple plumes in uniform and stratified 
environments 
The problem was then formulated by taking a control volume 
a s  shown in Fig. 4b and applying conservation laws: 
1. Conservation of volume flux: 
By  substituting eqs.  (2)  and (4), eq. (5) becomes: 
2. Conservation of momentum: 
Since the variation of density with respec t  to  the re ference  
density po  i s  assumed to be small ,  p:: in the left-hand side 
of eq. (7) is taken to  be approximately po. Thus,.by applying 
eqs.  (2) and (3),eq. (7) becomes: 
3 .  Conservation of density deficiency: 
The ra te  of change of heat (or  sa l t  deficiency) flux 
through a c r o s s  section of the plume i s  equal to the amount 
entrained f r o m  the ambient fluid. Since the variation of 
density was assumed to be small ,  in  this range the density 
could be regarded as  a l inear function of the heat o r  sa l t  
content. Therefore the relation was indirectly expressed 
a s  conservation of the density deficiency: 
The left-hand side was integrated a s  
Therefore eq. (9)  becomes: 
Eqs.  ( 6 ) ,  (8) and (10) a r e  three  equations with three  unknowns 
u,  b and p. The equations were  normalized by introducing dimension- 
l e s s  volume, momentum and buoyancy flux pa ramete r s  and then 
solved numerically.  
The coefficient of entrainment a was assumed to  be constant. 
Gross  behavior of the plume was determined by such integral  technique. 
The technique has  been adopted by many later  investigators in  solving 
jet and plume problems.  The present  investigation i s  a l so  based upon 
such technique in solving m o r e  general  buoyant jet problems ( see  
Chapters IV and V). The bas ic  assumptions a r e  summarized in 
Chapter 111. 
11-D. P r o b l e m  of Vert ical  Buoyant J e t s  
If the flow i s  generated f r o m  a continuous source  not only of 
buoyancy but a l s o  of init ial  momentum, then i t  i s  called a "buoyant 
jet" (or  forced plume).  The simple jet and s imple plume a r e  thus 
the two limiting cases  of buoyant jets. In a homogeneous environment 
the ver t ica l  momentum flux will  i nc rease  with the distance of t r ave l  
because of the action of buoyancy forces .  
Morton (22) analyzed the problem using the same  technique 
mentioned in Section 11-C by assuming a constant coefficient of 
entrainment.  Abraham (1) obtained the jet g r o s s  behavior by setting 
up a scheme successively approximating the growth r a t e  of the jet 
width a s  to  match the limiting conditions of a simple jet and a s imple 
plume. Frankel  and Cumming (14) made concentration measure -  
ments in the buoyant jets and thus determined the center-line dilution 
ra t ios  S along the jet axis .  
0 
Morton constructed the solutions f r o m  a vir tual  source,while 
in pract ical  cases  a jet i s  discharged through a finite s ize opening. 
A convenient parameter  of the problem is the jet Froude number F 
defined a s :  
where  Uo i s  the init ial  jet discharge velocity, 
pl i s  the init ial  jet discharge density, 
p i s  the ambient density, 
a 
D i s  the init ial  diameter  of the jet. 
In o rde r  t o  compare Morton's type of analysis  with Abraham's ,  
integral  solutions were  ca r r i ed  out by the wr i t e r  for  ver t ical  buoyant 
je ts ,  following exactly the same  approach of Fan and Brooks (12, s e e  
Appendix B-2). Fig. 5 shows the volumetric dilution ra t io  So (i. e. 
the inverse  of the concentration of original jet fluid in the mixture)  
as a function of the ra t io  of the height of r i s e  y' to  the init ial  
diameter  D for seve ra l  values of F. Also shown a r e  theoret ical  
curves  by Abraham, and experimental curves by F ranke l  and 
Cumming, a s  previously presented by Fan  and Brooks (11). 
In a stably stratified environment a buoyant jet, like a plume, 
will  not r i s e  indefinitely. Morton (22) analyzed the problem of a 
vert ical  ax isymmetr ica l  jet in a l inearly density-stratified ambient 
fluid. The corresponding two-dimensional c a s e  was solved by Brooks 
and Koh (8), and the r e su l t s  were  applied to  predict  behavior of jets 
of sewage effluent f r o m  a diffuser into a density-stratified ocean. 
11-E. P rob lem of Inclined or Horizontal Buoyant Je t s  
In many prac t ica l  problems a buoyant jet i s  not discharged 
vertically.  F o r  example, in ocean disposal  the common pract ice 
i s  to  discharge sewage out horizontally, or  sometimes in a n  inclined 
direction. Such inclined buoyant jets will take a curved path due to  
combined effects of gravity and init ial  horizontal  momentum. Thus 
the t ra jec tory  of the jet becomes par t  of the solution to be determined. 
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Fig. 5. Comparison of r e su l t s  by var ious 
investigators on the variation of 
center-line dilution S with ver t ica l  
distance y '  / D  fo r  veryical buoyant 
jets in  uniform environments 
Rawn, Bowerman and Brooks (27) obtained the variation of 
center- l ine dilution af te r  the jet has  reached the f r e e  surface a s  a 
function of init ial  Froude number F and ver t ica l  distance ra t io  y ' / ~ .  
Bosanquet, Horn and Thring (6) determined the t ra jec tor ies  by 
explicitly using the entrainment relat ion of an  ordinary momentum 
jet. Abraham (1, 2) obtained solutions covering jet g r o s s  behavior 
by specifying the r a t e  of growth of jets a s  functions of local angle of 
inclination. However, his  study did not include inclined jets of 
a r b i t r a r y  init ial  angle of discharge. F ranke l  and Cumming (14) made 
measurements  of center-line concentration for  jets of var ious degrees  
of inclination. Both r e su l t s  of Abraham, and Frankel  and Cumming 
were  discussed by Fan  and Brooks (12, 13, s e e  Appendix B). Fan  
and Brooks (12)  a l so  ca r r i ed  out a Morton type of analysis  by a s s u m -  
ing a constant coefficient of entrainment.  All  these resu l t s  for  a 
horizontal  buoyant jet a r e  compared a s  shown in Fig. 6 along with 
analytical and experimental resu l t s  by Cederwall  ( l o ) .  The experi-  
mental  resu l t s  of Danish Isotope Center were  based on those cited 
by Cederwall. Both Abraham's  and Cederwall ' s  analytical r e su l t s  
collapsed into single curves  by choosing dimensionless pa ramete r s  
a s  shown in the same  figure. F a n  and Brooks 's  resu l t s  seemed to 
a g r e e  with the experimental  data be t te r ,  but their  curves do not 
collapse a s  in the other analyses .  
Al l  these investigations were  l imited to  buoyant jets in uniform 
environments. 

11-F. On the Coefficient of Entrainment 
A cruc ia l  problem in determining buoyant jet behavior by the 
in tegra l  technique i s  to specify the r a t e  of entrainment.  Morton e t  al. 
(23) f i r  s t  proposed a n  entrainment mechanism represented by eq. (4). 
They assumed a constant coefficient of entrainment a in their  analysis .  
F o r  a simple jet, the coefficient a i s  constant and equal to  0.057 
according to Albertson e t  al!s (5) resu l t s .  F o r  a s imple plume, the 
coefficient i s  a l so  a constant but equal to a different value of 0. 082 
based upon Rouse etal. 's (30) resu l t s .  Therefore,  the coefficient of 
entrainment cannot be a universal  constant. The difference in these 
two values leads to  a n  important question whether the coefficient can 
be assumed constant in analyzing buoyant jet problems. 
Abraham (1, 2,3) argued that such a n  a s  sumption cannot hold 
since a buoyant jet should behave more  like a momentum jet near  the 
source and like a plume a t  la rge  distances.  He bypassed the continuity 
relation and solved the problems by explicitly assuming the r a t e  of 
growth relations s o  a s  to match both limiting cases  of a simple jet 
and a simple plume. Such relations were  a r b i t r a r y  in the inter - 
mediate range and complicated in application to more  general  
problems. The resu l t s  obtained showed li t t le difference f r o m  those 
by assuming a constant a value of 0.082 a s  shown in Figs.  5 and 6. 
In fact ,  a s  shown in Fig. 6,  the experimental data s e e m  to a g r e e  with 
F a n  and Brooks 's  (12) analysis  better than Abraham's .  
At present  the re  i s  no d i rec t  determination on the r a t e  of 
entrainment into a buoyant jet. The existing experimental resu l t s  
s e e m  to  justify the assumption of a constant entrainment coefficient. 
It i s  probably a reasonable approximation and consistent with 
numerous other assumptions made throughout the analysis  ( see  
Chapter 111). However, the choice of the value of a is important. 
F o r  a s imple jet an  a value of 0.057 must  be used; but fo r  a simple 
plume or  a buoyant jet a value of 0.082 is adequate. The numer ica l  
value of cc. depends a l s o  on the shape of velocity and buoyancy profiles 
assumed.  F o r  example, if a top-hat profile i s  assumed,  a factor of 
fi must  be multiplied to  the above values of a a s  pointed out by 
Morton et a l .  
A s imi l a r  assumption was found to hold in Lee and Emmons 's  (20) 
study of two-dimensional buoyant jets. Their  analysis  using a constant 
coefficient of entrainment based upon Rouse et al!s resu l t s  agreed  
well  with the i r  experimental data. 
In a stratified environment, the assumption of a constant co- 
efficient of entrainment i s  a fur ther  approximation. Grigg and Stewart 
(16), by observing the mixing and depth of penetration of cylinders of 
fluid injected into both uniform and weakly density-stratified environ- 
ments ,  found that the smal le r  scale  motions such a s  l a t e ra l  spread  
of the puff were  l i t t le affected by the ambient stratification. The 
effect of density stratification was a lmost  entirely upon the large 
scale  motion such a s  the depth of penetration. Thus the u s e  of an 
entrainment coefficient for  a buoyant jet in a density-stratified 
environment i s  reasonable.  But the analysis  based on such a n  
assumption should be verified experimentally. 
11-G. P rob lem of J e t s  in S t reams 
The solution of the problem of a n  ord inary  momentum jet i n  a 
coflowing uniform s t r e a m  i s  a s imple extension of the solution of a 
s imple jet in  a stagnant ambient fluid. Morton (21) analyzed the 
problem of buoyant jets in uniform coflowing s t r e a m s  using the 
in tegra l  technique assuming a constant coefficient of entrainment. 
The most  general  problem of a buoyant jet in a uniform s t r e a m  
will  involve three vector quantities; namely, initial momentum flux, 
gravity,and the ambient current .  It i s  thus ve ry  complicated. There -  
fore ,  a s  a f i r s t  step,  a special  case  where the jet discharging a t  a 
right angle into a uniform s t r e a m  i s  investigated. 
The t rajectory of a jet into a c r o s s  s t r e a m  will bend over 
toward the downstream direction due to the combined effects of the 
entrainment of horizontal  momentum and the presence of p r e s s u r e  
field induced by the interaction of the jet and the oncoming s t r eam.  
Jordinson (17) measured total  head distributions within jets 
into c r o s s  s t r e a m s  of different velocity ra t ios  4 ,  6 and 8. Here  the 
velocity ra t io  k is defined a s  the rat io  between the init ial  jet discharge 
velocity U and the oncoming s t r e a m  velocity U . Gordier (15), con- 
o a 
ducting experiments in a water tunnel, measured  total  and s tat ic  
head distributions for velocity rat ios  4,  6 and 8. Tra jec tor ies  and 
decay of maximum velocity were  determined fo r  these velocity rat ios .  
The decay of velocity was found to be much fa s t e r  than in the jet in a 
stagnant fluid. Keffer and Baines (18) c a r r i e d  out experiments 
in a wind tunnel using hot wi re  technique to measure  the velocity 
distribution a s  well  a s  some turbulence charac ter i s t ics  for  the cases  
of velocity ra t ios  of 2, 4,  6,  8 and 10. The mean velocity distribution 
in the la te ra l  direction was found to be s imi lar  if the proper  length 
sca le  was chosen. The jet flows were  found t o  d i s p l a ' ~  s imilar i ty  along 
the na tura l  sys t em of axes .  Tra jec tor ies  of these cases  were  obtained 
as well a s  the decay of maximum velocity. 
All  these measurements  were  conducted quite close to  the 
orifice because of the rapid decay of the velocity excess .  Methods 
had been devised to  eliminate the effect of the boundary layer .  One 
important charac ter i s t ic  of such flows that was observed in all these 
studies was the horse-shoe  shaped distribution of velocity a t  a 
c r o s s  section. Keffer and Baines analyzed the problem by the integral  
type approach assuming a n  entrainment mechanism based upon the 
sca la r  difference of local maximum velocity and the f r e e  s t r e a m  
velocity. The coefficient of entrainment thus defined was found to be 
variable  and grew with distance of t r ave l  f r o m  their  experimental 
resu l t s .  
Some other investigations with specific in te res t  in t ra jec tor ies  
of the jet were  made by Callaghan and Ruggeri (9) and some Russian 
studies cited by Abramovich (4). Some empir ica l  relations were  
derived either fo r  the depth of penetration o r  t ra jec tory  including the 
effect of init ial  density difference. Callaghan and Ruggeri performed 
their  experiments in a r a the r  narrow wind tunnel with a width of eight 
d iameters  o r  less .  Viezel and Mostinskii (35) obtained analytical 
expressions for the jet t ra jec tor ies  by assuming that the jet was bent 
over entirely due to the effect of forces  acting on the jet a s  if i t  were  
a n  airfoil .  But their values for  the drag  coefficients had to  be l a rge r  
than those for  a solid body for  the t ra jec tor ies  to  fi t  the experimental  
resu l t s .  
P r i e s t l ey  ( 26) presented some methods in predicting the 
t ra jec tor ies  of smoke plumes in winds. He as sumed  that the plume 
rose  vert ical ly  and was then sheared  over by the horizontal  wind. 
The height of r i s e  was found to follow the 314th power of horizontal  
distance fa r  f r o m  the source.  Csanady (11) studied the behavior of 
a smoke plume a t  la rge  distance where the plume, a s  he suggested, 
should be s imi lar  to a line thermal .  Perturbat ion technique was used 
t o  analyze the laminar  case  which he  suggested to  be analogus to the 
turbulent case  if the co r rec t  r a t e  of growth of the cloud was a s sessed .  
A vortex pair s t ruc ture  was found f rom the analysis  with a t empera -  
tu re  excess  of 28% a t  the centers  of the vort ices  in  comparison with 
the tempera ture  a t  the center of the plume. Turner  (33) analyzed 
the behavior of a buoyant vortex pa i r  and found that the r a t e  of 
spreading of the pair  was exponential with the height or l inearly with 
the distance downwind. He a l s o  studied the case  in a l inearly 
stratified environment. 
11-H. Summary and Scope of P r e s e n t  Investigation 
The f i r s t  par t  of the present  study i s  intended to analyze the 
g ross  behavior of a n  inclined buoyant jet in a stagnant, stratified 
environment with l inear  density gradient. Such study will be a n  
extension of the existing knowledge on buoyant jets and should be 
useful in many prac t ica l  problems. Experimental  studies were  
ca r r i ed  out in a tank to confirm the analysis.  
The second pa r t  of this study i s  concerned with a ver t ica l  
buoyant jet in a horizontal  cur rent ,  analyzed by the integral  approach 
to  predict  g ross  behavior. Experimental  studies were  ca r r i ed  out 
to  verify the analysis  and provide numer ica l  constants involved in  the 
analysis.  Effects of ambient turbulence and different angles of d is -  
charge a r e  not included in  the investigation. 
CHAPTER 111 
FLOW CONFIGURATIONS AND BASIC ASSUMPTIONS 
In this chapter,  the assumptions involved in  the analyses  a r e  
summarized.  The general  assumptions common to both c l a s ses  of 
problems a r e  presented f i r s t .  The next two sections give the flow 
configurations and specific assumptions fo r  each of the two types of 
problems,  namely (1) a n  inclined buoyant jet in a stagnant, stratified 
environment with l inear density gradients,  and (2)  a ver t ica l  buoyant 
jet in a uniform c r o s s  s t r eam.  
111-A. General Assumptions 
The genera l  assumptions underlying the analyses  made in  this 
investigation a r e  l isted a s  follows : 
1 .  The fluids a r e  incompressible.  
2. Variations of fluid density throughout the flow field a r e  
sma l l  compared with the reference density chosen. The variation 
of density can be neglected in considering iner t ia l  t e r m s  but i t  
mus t  be included i n  gravity t e r m s .  Since the variation in density 
i s  assumed small ,  this  leads to  the approximation that the conser -  
vation of m a s s  flux can be replaced by the conservation of volume 
flux. This is commonly called the Boussinesq assumption. 
3 .  Within the range of variation the density of the fluid is 
assumed to be a l inear function of either sa l t  concentration o r  heat 
content above the reference level. 
4, Flow i s  fully turbulent. Molecular t r anspor t s  can be 
neglected in  comparison with turbulent t ransports .  There  i s  no 
Reynolds number dependence. 
5. Longitudinal turbulent t ranspor ts  a r e  sma l l  compared with 
longitudinal convective t ranspor ts .  
6 .  Curvature of the t ra jec tory  of the jet is small .  In other 
words,  the ra t io  of local charac ter i s t ic  length and the radius  of 
curvature is small .  The effect of curvature will be neglected. 
7. The velocity profiles a r e  s imi lar  a t  all c r o s s  sections 
no rmal  to  the jet t ra jectory.  Similarity is a l s o  presumed for  p r o -  
f i les  of buoyancy and concentration of any  t r ace r .  The specific 
f o r m s  of the profiles a r e  given in the next two sections.  Thus, the 
analyses  apply only to the zone of established flow where a l l  the 
profiles a r e  fully developed. However, for  prac t ica l  applications, 
the init ial  conditions must  be adjusted to  take account of the zone of 
flow establishment,  a s  discussed la te r  in Chapters IV and VI. 
111-B. An Inclined Round Buoyant Je t  in a Stagnant Environment 
with Linear Density Stratification 
Fig. 7 shows a round buoyant jet issuing f r o m  the origin a t  an  
angle of inclination 0 with the horizontal. The axis  of the jet i s  
0 
taken a s  a pa ramet r i c  coordinate ax i s  s .  The angle between the s -  
ax is  and the horizontal  i s  denoted a s  0 .  The radial  distance to  the 
s -axis a t  a normal  c r o s s  section i s  chosento be the r-coordinate. The 
angular coordinate cp i s  denoted as shown in Fig.  7. 
oil 
G 
u:K and p:g a r e  respectively local mean velocity and density 
which a r e  in general  functions of r ,  s and cp, while u and p a r e  
charac ter i s t ic  velocity and density a t  the s -ax is  and a r e  functions 
only of s. The corresponding ambient density values a r e  s imi lar ly  
denoted as p :$ and p . 
a a 
The jet ax is  i s  f i r s t  deflected upwards because of the inc rease  
of ver t ica l  momentum flux due to the action of buoyancy force .  Be- 
cause of the turbulent mixing the jet entrains  the denser  ambient fluid 
and grows heavier  with reduction of the driving buoyancy force.  Since 
the density of the ambient fluid i s  decreasing with height, the jet will 
eventually become a s  heavy a s ,  and then heavier  than, the ambient 
fluid a t  the same height. The buoyancy fo rce  thus r e v e r s e s  i t s  
direction and in  the end will stop the r is ing of the jet a t  a t e rmina l  
point (x y ) where the ver t ica l  momentum flux vanishes.  The t '  t 
t ra jec tory  of the jet i s  therefore in  general  a n  S-shaped curve. After 
reaching the te rminal  point the horizontal  momentum flux will keep 
the jet moving in the x-direction. But the flow cannot maintain the 
charac ter i s t ics  of a turbulent jet soon af te r  reaching the te rminal  
level and collapses in the ver t ica l  direction because of the suppression 
of ver t ical  motion imposed by the density stratification. The analysis  
will not cover that par t .  
Specific assumptions related to the analysis  a r e  l isted a s  
follows : 
1. The entrainment relation i s  given by the equation: 
where  a is a constant coefficient of entrainment,  b is the cha rac te r -  
i s t ic  length defined in eq. ( 13 ) .  
2. Velocity profiles a r e  assumed to be Gaussian, with no 
dependence on cp -coordinate: 
where b = b(s )  i s  a charac ter i s t ic  length defined by the velocity profile. 
f i  b(=2a) is commonly defined to  be the nominal half width of the jet. 
3 .  Prof i les  of density deficiency with respect  to the ambient 
density a r e  assumed to be Gaussian, with no dependence on cp: 
where  Ab i s  the charac ter i s t ic  length of the profiles.  k2 i s  the 
turbulent Schmidt number and i s  assumed to be a constant. Such 
profiles can a l s o  be regarded a s  buoyancy profiles.  
4. Profi les  of a cer tain t r a c e r  concentration a r e  a l s o  s imi lar  
and a s sumed  to be Gaussian: 
c*(r,  S,  c p )  = C ( S )  e - r 2  / ( ~ b ) ~  
5. P r e s s u r e  is hydrostatic throughout the flow field. 
The analysis  will  not cover the zone of the flow establishment.  
The r e su l t s  by Albertson e t  aL (5) for  this region will  be adopted i n  
application to prac t ica l  problems a s  indicated in Section IV-E. 
111-C. A Round Buoyant Je t  in  a Uniform Cross  S t r eam of 
Homogeneous Density 
Fig.  8 shows a round buoyant jet discharging at  a velocity U 
0 
into a uniform c r o s s  s t r e a m  of velocity U . The densit ies of the d is -  
a 
charged fluid and the ambient fluid a r e  respectively pl and p The 
a 
flow becomes fully developed into horse-shoe  shaped profiles a t  a 
shor t  distance s '  f r o m  the nozzle. The or igin 0 i s  taken a t  the 
e 
beginning of the zone of established flow. Again the locus of maximum 
velocity points on the plane of symmet ry  is taken to be the jet 
t ra jec tory  and denoted a s  s-axis .  8 i s  the angle of inclination of the 
t ra jec tory  with respec t  to  the horizontal  x-axis .  
The t ra jec tory  of the jet bends over toward the downstream 
direction due to two effects. F i r s t  i s  the low p r e s s u r e  o r  wake like 
region established behind the jet. This effect i s  especially important 
when the jet t ra jec tory  is near ly  normal  to  the oncoming s t r eam.  The 
second factor i s  the entrainment of ambient horizontal  momentum a s  
the jet entrains  the fluid of the c r o s s  s t r eam.  These two fac tors  a l s o  
cause the profi les  of the velocity to de fo rm into horse-shoe  shapes.  
But the jet will continue to  r i s e  due to both init ial  ver t ica l  momentum 
flux and buoyancy flux possessed by the jet. 
By dimensional analysis ,  the flow i s  not only character ized by 
the densimetr ic  jet Froude number F defined by eq. ( 1  1 )  ,but a l so  by 
a velocity ra t io  which r ep resen t s  the relative strength of the jet t o  
the c r o s s  s t r e a m  and i s  defined as: 

The ordinary momentum jet i s  then a limiting case  when k i s  infinity. 
F o r  k l e s s  than 4 the jet was found to have i t s  lower edge attached to 
the boundary. This c a s e  will  not be covered in the present  study. 
Specific assumptions adopted in  the la te r  analysis  a r e  l isted 
as follows. 
1. The entrainment relation for a jet in a c r o s s  s t r e a m  i s  
a s sumed  to be represented  by the equation: 
where b is again a charac ter i s t ic  length defined by the assumed 
velocity profile by eq. (18). 18. - if 1 i s  the magnitude of the vector 
J a 
difference of the two velocities. a i s  the coefficient of entrainment 
for  the jet in a c r o s s  s t r eam.  It i s  a s sumed  to be constant in the 
analysis.  
2. Velocity profiles a r e  assumed to be s imi lar  and Gaussian 
above the component of the ambient velocity U cos 8 : 
a 
where b is the local charac ter i s t ic  length. This assumption i s  a 
g r o s s  simplification of the actual  velocity profiles.  A m o r e  rea l i s t ic  
shape of the profiles can be used based upon experimental measure -  
ments,  but i n  view of the nature of other assumptions involved in  the 
analysis  i t  s eems  to be unnecessary and will make the calculation 
much more  complicated. 
3. Buoyancy profiles a r e  a l s o  Gaussian: 
Here  the turbulent Schmidt number pis taken to  be unity. 
4. Concentration profiles of a cer ta in  t r a c e r  a r e  Gaussian: 
C* ( s ,  r ,  c p )  = c ( s )  e - r2 /b2 
5. The effect of the presence of the p r e s s u r e  field can be 
lumped into a g r o s s  drag t e r m  proportional to the square of the 
velocity component of the oncoming s t r e a m  normal  to  the jet axis .  
The drag coefficient i s  assumed to  be a constant. 
The analysis based upon these assumptions will not be a s  
reliable as the analysis  for the problem of a buoyant jet in a stagnant, 
stratified environment. But nevertheless these assumptions provide 
a quite reasonable description of the flow while on the other hand 
they pave the way fo r  a simple formulation of the problem. The 
analysis and experimental studies a r e  presented in Chapters VI 
and VII. 
CHAPTER IV 
THEORETICAL ANALYSIS FOR A ROUND BUOYANT J E T  
IN A STAGNANT ENVIRONMENT WITH 
LINEAR DENSITY STRATIFICATION 
In this chapter theoret ical  solutions a r e  obtained for  a n  
inclined round buoyant jet in a stagnant, density- s t rat i f ied environ - 
ment. The present  study extends the Morton type analysis  to  cover 
the effect of the init ial  angle of discharge. 
Formulation of the problem is presented f i r s t  based upon the 
assumptions l isted in the previous chapter.  Equations a r e  normalized 
and expressed in  dimensionless pa ramete r s  . Numerical  solutions 
a r e  presented for cer ta in  specific cases  to i l lustrate  the effects of 
var ious parameters .  Section IV-E gives relations important for  
pract ical  applications. Limitations of the analysis  a r e  discussed in 
Section VIII-A. 
IV-A. Formulation of the P rob lem 
1. Conservation equations 
The equation of continuity, based upon the assumed entrain-  
ment  mechanism and a smal l  variation of density, can be expressed a s :  
The left-hand side can be integrated af te r  substituting u,::: f r o m  eq. (13). 
Then, 
d 
-(u ds  b2) = 2a u b (continuity) (22) 
Since the p r e s s u r e  i s  assumed to be hydrostatic and there  i s  
no other force  acting in the horizontal  direction, the x-momentum 
flux should be conserved: 
After substituting u:kfrom eq. (13): 
d u2b2 
d s ( 7  cos 0 ) = 0 (x-momentum) (24) 
In the ver t ica l  direction there  i s  a buoyancy force  acting on 
the jet; therefore i t  i s  equal to the ra te  of change of y-momentum 
flux : 
:: :K (u-r- *. s in  0 )  r drd  cp = g (p:::a-P:k)rdrdrp (25) 
0 0 
Simplifying by using both eqs.  ( 13) and (14), eq. (25) becomes : 
d u2b2 Pa - P 
X(T s in  0 )  = g 12b2 - (y-momentum) Po 
The heat  content o r  the amount of shortage of sal t  re leased  
f r o m  the origin must  be conserved with respect  to  a chosen reference  
level. By the assumption of sma l l  variation of density, this is 
direct ly  equivalent to the conservation of density deficiency about the 
reference  density p . The relation can be expressed a s :  
0 
F o r  l inear ambient density gradient the relation can be simplified to: 
dpa +x2 b2 -
ds -p)]= - ds  (density deficiency) (28) X 
The relation of continuity for a cer ta in  t r ace r  substance present  
in source flow only i s  : 
by introducing eq. (15) i t  can be written a s :  
d 
-(c u b2) = 0 ds  (30) 
(continuity of t r a c e r )  
2. Geometric relations 
To determine the jet t rajectory the following geometric equa- 
tions must be solved simultaneously with the previous se t  of equations: 
dx 
- = cos Q (geometry) ds  (3 1) 
and, 
(geometry) (3 2) 
Therefore,  the problem has  seven unknowns, namely, 
u, b, pa -p ,  8, C ,  x and y to be solved f r o m  seven equations, i. e . ,  
eqs. (221, (241, (26), (28), (30), (31) and (32). 
3 .  Initial conditions 
The init ial  conditions given a t  the origin for  this sys t em of 
ordinary differential equations a r e :  
Eqs .  (24) and (30) can be integrated immediately. The equation 
of x-momentum i s :  
u2 b2 
2 cos 8 = const. (x-momentum) (34) 
The equation of t r a c e r  concentration is simply: 
cub2 = const. = c U b 
0 0 0  (35) 
which i s  direct ly  related to  the solutions of u and b. Thus th is  equation 
will  not be c a r r i e d  through the following calculation. 
IV-B. Normalized Equations and Dimensionless P a r a m e t e r s  
In o rde r  to t r ans fo rm the sys t em of equations into a simple 
normalized fo rm,  dimensionless pa ramete r s  a r e  defined a s  follows : 
5 Volume flux parameter :  p = {G 1 6 64 4 
a (1+h2) f IBu b2 (36) 0 
Momentum flux pa ramete r s  : 
b4u4 / 4 (in s -direction) 
h = m cos2 f3 (in x-direction) (37) 
v = m sin2 8 (in y-direction) 
X2 Buoyancy flux parameter :  P = {rn b2 u g- o (38) 
Coordinates : 
s ;  
d p a  - I. p 0 - p 1  
where G = -A- b 2 U  g- 
and Fo - lfXa o o po a r e  not dimension- P o  d y  
l e s s .  
Equations (22), (24), (26), (28), (3 1) and (32) then become: 
The corresponding init ial  conditions ( 33) a r e :  
The solutions to  the sys t em of differential  equations cannot be obtained 
in  closed analytical form.  Thus numerical  integrations were  ca r r i ed  
out. 
IV-C. Method of Numerical  Solution 
The numerical  solutions were  obtained by d i rec t  step-by- step 
integration on a n  IBM 7094 digital computer using a subroutine 
"DEQ/DIFFERENTIAL EQUATION SOLVER" a t  Booth Computing 
Center of California Institute of Technology. The subroutine was 
based upon Runge-Kutta-Gill method with automatic control of 
truncation e r r o r  (CIT p r o g r a m m e r ' s  manual pp. 128-34). Integratior, 
s tep s ize was chosen s o  that four  significant figures could be obtained. 
There  a r e  three  relevant pa ramete r s  fo r  the problem, namely 
m and 8 . F o r  each combination of these pa ramete r s  a computer Pos 0 0 
run was made. The integration stopped a t  the te rminal  point of 
the jet. A substantial  range of init ial  conditions was covered by the 
numerical  computation. Only a portion will  be shown in this report .  
More complete information useful for prac t ica l  design purposes will  
be provided in a future report .  
IV-D. Solutions of Gross  Behavior of Je t s  
Fig. 9 shows the variations of g r o s s  jet charac ter i s t ics  v, $ 
and p along the <-coordinate for the c a s e  m = 0.2, po = 0 and 
0 
O o  = 0 . The ver t ica l  momentum flux pa ramete r  v f i r s t  i nc reases  with 
< and reaches  i t s  maximum a t  the point where $ changes sign and then 
dec reases  under negative buoyancy and finally vanishes a t  the te rminal  
point St. The buoyancy flux parameter  $ dec reases  monotonically 
f r o m  unity to  a minimum a t  The volume flux parameter  y increases  t ' 
with c and reaches  y a t  6 t to  
The effect of init ial  angle of discharge g o  on the jet t ra jec tory  
i s  demonstrated in  Fig.  10. F o r  m = 0. 2 and po = 0, t ra jec tor ies  
0 
a r e  obtained for  different 0 values. The te rminal  height of r i s e  5 
0 t 
i nc reases  with increasing 0 . 
0 
The variation of the te rminal  height of r i s e  5 f o r  the range 
t 
Q 0 
= 0 t o  0.01 i s  shown in Fig.  11. The curve for m = 2.0 shows 
0 
a fas te r  r a t e  of dec rease  in 5 a s  the angle 0 dec reases  than the t 0 
cases  for  smal le r  m values. F o r  a simple plume where m 
0 0 
vanishes the height i s  independent of the init ial  angle of discharge. 
Fig. 12 shows the  variation of the te rminal  volume flux parameter  p t 
over the same range of init ial  conditions. A substantial  increase  in 
"t can be achieved by decreasing the 8 a t  la rge  m values. Both 0 0 
Figs .  11 and 12 demonstrate  that the variation of the te rminal  
quantities 5 and p a r e  a lmos t  independent of the init ial  volume flux t t 
parameter  y in  the range to  0.01. Since the dilution ra t io  S i s  
0 
Fig. 9. Variation of volume flux parameter  y ,  buoyancy 
flux parameter  (3 and ver t ica l  momentum flux 
parameter  v along 5 -coordinate for a horizontal  
buoyant jet with y = 0 and m = 0. 2. 
0 0 
Fig. 10. Tra jec tor ies  of inclined buoyant jets in stratified 
environments with y. = 0 ,  m = 0.2. 
0 0 

simply the ra t io  of the t e rmina l  and init ial  volume flux pa ramete r s ,  
a n  inc rease  in  the te rminal  dilution ra t io  can be obtained by 
decreasing y . 
0 
Numerical  solutions for  horizontal  buoyant jets were  c a r r i e d  
out covering a wide range of init ial  conditions. The variations of 
the and IJ. values a r e  shown in Figs .  13 and 14. F o r  la rge  m t t 0 
the te rminal  quantities s e e m  to be independent of the t ~ .  when y i s  0 0 
small .  On the other handyfor la rge  yo, the quantities 5 and p tend t t 
to  be independent of the mo  when m i s  small .  
0 
IV-E.  Application to  P rac t i ca l  P rob lems  
F o r  application to prac t ica l  problems where the jet i s  i ssued  
f r o m  a nozzle or  orifice,  i t  is necessa ry  to  consider the zone of 
flow establishment.  Assuming that Albertson et  al!s (5) r e su l t  
applies a l so  for the zone of flow establishment of a n  inclined buoyant 
jet, the length of the zone i s  taken to be 6. 2D where D i s  the init ial  
jet diameter  a s  shown in Fig.  15. The initial top-hat profiles a t  0 '  
develop into Gaussian distributions given by eqs. (13), (14) and (15) 
a t  the end of the zone. 
The init ial  value b can be obtained by applying the momentum 
0 
relation between c r o s s  sections a t  0 and 0' assuming that the buoyancy 
force  is negligible in such a shor t  region: 
b , V o l u m e  Flux Parameter 
Fig .  13. Varia t ion of t e rmina l  height of r i s e  5 
f o r  horizontal  buoyant jets  (e = oO). 
0 
Fig. 14. Variation of te rminal  volume flux parameter  t ~ .  for  
horizontal  buoyant jets (8 = O O ) .  t 
0 
thus, 
The t r a c e  concentration c a t  0, assuming that the concentration 
0 
a t  0' i s  unity, can be obtained by considering the continuity relat ion 
for  the t r a c e r :  
IT z ~ 2 ~  = u:kc >kd A 
0 A a t  0 
thus, 
If a densimetr ic  jet Froude number F i s  defined a s :  
and a stratification pa ramete r  T a s :  
i t  can be shown that the problem of a n  inclined buoyant jet in a l inearly 
stratified environment is character ized by th ree  pa ramete r s ,  namely 
F, T and €lo. The relationships between the set  of pa ramete r s  F, 
T and the set  m po a r e :  
0 

or :  
The se t  of pa ramete r s  m and IJ. i s  adopted in the analysis for  
0 0 
mathematical simplicity,and because the solutions found a r e  indepen- 
dent of aand  X values chosen. But in pract ical  application it is 
more  convenient to  use F and T a s  pa ramete r s .  
The dilution r a t i o s  i s  defined to be corresponding to the concen- 
tration c a t  0: 
0 
C 
0 s =  = L  
C 
vo 
The dilution ra t io  S corresponding to the concentration a t  Of  is: 
0 
Both S and So refer  to  dilution ra t ios  along the jet axis .  
The suggested values for the coefficient of entrainment a and the 
turbulent spreading rat io 1 a r e  respectively 0 .082 and 1. 16 based 
upon Rouse e t  a l l s  (30) data for  a simple plume. The problem on the 
coefficient of entrainment has  been discussed in detail  in Section 11-F. 
F o r  application to jets in stratified environments i t  i s  a fur ther  
generalization. However, experimental investigations on jet 
t ra jec tor ies  and nominal half widths presented in  the next chapter 
have confirmed such a choice. 
CHAPTER V 
EXPERIMENTAL STUDY FOR A ROUND BUOYANT J E T  
IN A STAGNANT ENVIRONMENT WITH 
LINEAR DENSITY STRATIFICATION 
Experiments  were  conducted in a laboratory tank to observe 
t ra jec tor ies  of inclined buoyant jets in stagnant environments. In 
this chapter objectives of the experiments a r e  defined f i r s t ,  a detailed 
description of the experimental  procedure and apparatus  i s  given next 
in Section V-B, and the experimental r e su l t s  a r e  summarized and 
compared with calculated values in Section V-C. The resu l t s  a r e  
discussed in Chapter VIII. 
V-A. Objectives of the Experimental  Investigation 
The main objective of this experimental study is to t e s t  the 
applicability of the theoret ical  solutions of inclined round buoyant 
jets in stagnant environments with l inear density stratification (see 
Chapter IV). Experiments  were  conducted t o  observe photographically 
the jet t ra jec tor ies  and nominal half widths ( f i b )  over a range of 
init ial  conditions. The resu l t s  were  then compared with the values 
obtained by theoret ical  calculations. 
F o r  a complete experimental check on the theory, i t  i s  
necessa ry  to determine values of the jet velocity and the density. 
Pract ical ly  however, laboratory experiments on density-stratified 
flows a r e  usually limited i n  scale  and do not allow the t ime  requi red  in  
measuring time-fluctuating quantities. On the other hand, the jet 
t r a j ec to r i e s  and nominal half widths can be determined conveniently 
by photographic methods. These two quantities a r e  inter  - related 
with other jet charac ter i s t ics .  Thus the comparison of the observed 
and the calculated values of these two quantities is believed to  be 
indicative of the applicability of the theoret ical  solutions. The experi-  
ments  ca r r i ed  out were  l imited to the determination of these values. 
V-B. P rocedure  and Apparatus 
The experiments were  performed in a laboratory tank filled 
with a density-stratified fluid. The tank was 226 c m  long, 107 c m  
wide and 6 1 c m  deep. It was lined with 1.8 c m  thick plane glass  
plates.  The genera l  experimental  setup i s  shown in  Fig.  16. 
The variat ion of density was modeled by using aqueous solutions 
of sodium chloride based upon tables prepared  by Owens (25). Tap 
water  was  used a s  the base  fluid. F o r  the runs  where concentration 
measurements  were  made the tap water  was fi l tered before use. The 
tempera tures  of the fluids were  between 20 and 22OC for  all experi-  
ments.  The density variation induced by the tempera ture  difference 
was neglected for  any  one experiment. Food grade "999" sal t  produced 
by Morton Salt Company was used in  all experiments.  
The density stratification of the tank fluid was achieved by 
filling layer  by layer  with solutions of different densit ies.  The filling 
procedure followed the method descr ibed by Koh (19). F i r s t ,  a 
solution of predetermined density was well mixed in an  180 l i te r  tank. 

The density of the fluid was checked by a calibrated hydrometer .  
Then the fluid was t r ans fe r red  into the tank gently through a plastic 
tube on a c i rcu lar  platform floating on the water  sur face .  The fluid 
being added in this manner ,  spread  out horizontally on top of the 
l aye r s  of heavier  fluids a l ready in the tank. Each layer was  3 to 5 cm 
thick. The resulting density profiles would not be step-like because 
of molecular diffusion as well  a s  the mixing introduced by the d is -  
turbance caused by filling. The density profiles were  found to be 
smoothed out before running the experiments.  Six different density 
1 d p a  gradients were  obtained; the values of - - - ranged f r o m  7.6 to  
Po  dy 
J O X  1 0 - ~ / c m .  
The density stratification in  the tank was determined by 
hydrometer  measurements  of the fluids withdrawn f r o m  different 
levels of the tank. The fluids were  withdrawn through a 2mm wide 
sli t  a t  ve ry  sma l l  f lowrate.  F o r  the last  two fillings concentration 
measurements  were  made to  determine the density profiles.  The 
technique and apparatus  for concentration measurements  by conductivity 
probe a r e  descr ibed in detai l  in  Section VII-B. The measured density 
profiles were  found to be ve ry  close to  the intended stratification. Two 
of the profiles a r e  shown in Fig.  17. All of the profi les  measured  
had layers  of homogeneous fluid near  the f r e e  surfaces.  But these 
l aye r s  were  thin and were  avoided by setting the nozzle a t  a lower 
level. 
All the experiments except one run  ( Je t  No. 16) were  made by 
jetting heavier fluids into ambient of lighter fluids. The amount of 
Depth 
in 
c m  
F o r  Je t  Nos. 10 to  15 
I- F o r  Je t  Nos. 28 to  3 3 4  
Depth 
in  
c m  
(byOconcentration measurement)  
I i I 1 I I r I , .. 
0 1 2 3 4 5 
Fig.  17. Two measured density profiles 
sa l t  and labor used in mixing was great ly  saved because the volume 
of jet fluid was much sma l l e r  than the volume of the receiving fluid. 
It was a l so  beneficial to the concentration measurements  a s  discussed 
in Section VII-B. The positive y-axis was then pointing downwards 
in these experiments.  
Different nozzle types and s izes  were  used in the experiments.  
Fig. 18 shows the nozzles used except No. E and No. F which w e r e  
used in experiments of jets in c r o s s  cur rents .  F o r  those s t raight  
tube nozzles the values of D were  taken simply to be the d iameters  
of the tubes. F o r  sharp-edged orif ices  the D values were  taken to  be 
0. 8Do (where the Do's were  the d iameters  of the openings) to  allow 
for  jet contraction. 
The jet fluid was s tored  in a n  180 l i te r  tank above the receiving 
tank. The nozzle was  connected to  the r e s e r v o i r  a s  shown in  Fig.  19. 
A F i sche r -Por t e r  T r i - F l a t  Tube Flowrator  me te r  was employed to 
measure  the flow ra te .  The flowmeter was calibrated fo r  fluids of 
different density used in  the experiments.  The e r r o r  was estimated 
to  be l e s s  than st20jb. 
The jet flows were  established by gravity. Because of the 
s m a l l  flow r a t e  (20 c c  pe r  second or l e s s  in most  cases )  and the 
shor t  durations of the runs (about 5 minutes o r  l e s s )  the r a t e s  of flow 
were  approximately constant even though no constant head device was 
provided. Checking of the flowmeter readings during each run 
revealed very  l i t t le change. The corresponding change in flow ra t e  
was  l e s s  than 3%. 


To t r a c e  the jet t ra jec tor ies  photographically, the jet fluids 
were  mixed with concentrated blue vegetable dye (Blue A-5 -G-3 )  
produced by Krieger  Color and Chemical Company. The dye concen- 
t ra t ion used was f r o m  30 to  50 ppm. The effect of the dye concentra- 
tion on the density of the injected fluid was not detectable. 
A 4 in. x 5 in. Speed Graphic camera  was positioned in front  
of the tank. Lighting was  provided f r o m  the r e a r  of the tank. Royal 
P a n  black and white f i lms (ASA4OO) were  used to  r eco rd  the dyed 
t ra jec tor ies  of the jets. The sca le  was established by taking a photo- 
graph of a gr id board marked  with gr ids  a t  fixed known distances.  
The board was se t  in  the center  plane of jet motion. By examining 
the gr ids  f r o m  the photograph the re  was  no detectable distortion ( less  
than *l%) of the image in  the region of interest .  
In each run  a t  leas t  two p ic tures  were  taken. Three  runs  (Jet  
Nos. 19, 20 and 21) were  made to reproduce the dilution ra t io  along 
the jet ax is  of a n  ordinary momentum jet. The technique i s  descr ibed 
in  Section VII-B. Six runs ( Je t  Nos. 22 to27) were  made without 
ambient density stratification to  t e s t  the t ra jec tor ies  predicted by 
F a n  and Brooks (12). 
V-C. Experimental  Resul ts  
A total  of thir ty- three jet experiments were  performed a s  l is ted 
in  Table 1. Runs except those with Je t  Nos. 19 to 27 were  ca r r i ed  out 
in l inearly density- s t rat i f ied environments. J e t  Nos. 19, 20 and 21 
were  s imple jets (F = a) where  concentration measurements  were  
Table 1. Summary of Experiments on Round Je t s  in Stagnant Environments 
Note: 
1) p i s  taken to be the ambient density a t  the level of the nozzle 
2) F = infinity re fe rs  to a simple jet 
3) T = infinity refers  to a buoyant jet in a uniform environment 
Jet  
Number 
Initial Jet  Values Ambient 
.Reference 
Density (1) 
"0 
grlrnl  
Density 
4 
g r l m l  
Angle 
Bo 
deg. 
Density 
Gradient 
1 dpa 
Po dy ' 
1 0 - ~ / c m  
Diam- 
eter  
D 
c m  
Jet 
Reynolds 
Number 
U D 
I 
Dis- 
charge 
Qo 
cc lsec  
Je t  
Froude 
Number 
F 
Eq. (51) 
Velocity 
o 
cmlsec  
Stratifica- 
tion 
Parameter  
T 
Eq. (52) 
Reference 
for 
Detailed 
Results 
Figure 
Numbers 
made along the jet axes.  J e t  Nos. 22 to  27 were  horizontal  buoyant 
jets in uniform environments (T =a ). Three  runs ( Je t  Nos. 9, 13 
and 14) were  conducted with negative init ial  angles.  
1. 
The experiments in l inearly stratified environments 
covered a range of init ial  conditions: F varied f r o m  9 to  60 and 
T f r o m  44 to 5,000. 
Typical photographs of dyed jets a r e  shown in Figs .  20 to  23. 
Fig.  20 shows a horizontal  jet with F = 40 and T = 510 (Je t  No. 32). 
0 Fig.  21 shows a jet discharging a t  0 = 45 with F = 51 and T = 210 
0 
(Jet  No. 18). Fig. 22 shows a ver t ica l  jet with F = 18 and T = 100 
(Je t  No. 10). Fig. 23 i s  a se t  of photographs showing the development 
of a jet in the tank experiment and was used to study the t ransient  
effect (Section VIII-A). The total  elapsed t ime was about 2 minutes. 
T races  of dyed jet boundaries were  obtained direct ly  from- the 
negatives by using a n  enlarger .  The calculated jet t ra jec tor ies  and 
nominal half widths ( f ib ) ,  obtained based upon a = 0.082 and X = 1. 16, 
were  superimposed on the t r a c e s  of experimental  jet boundaries a s  
shown in Figs .  24 to 27. They agreed  well. F o r  ver t ica l  buoyant jets 
0 ( O o  = 90 ), the observed and calculated values of te rminal  height of 
r i s e  y ' / D  a r e  summarized in Table 2. The calculated values tended t 
to  underest imate the height of r i s e  when a i s  taken a s  0.082. Better 
agreement  fo r  the te rminal  height of r i s e  is obtained by using a = 0.057. 
However this needs more  experiments to  confirm the choice. 
Fig. 20. A horizontal  buoyant jet in  a stagnant, l inearly stratified environment 
(Jet  No. 32,  F = 40 and T = 510, Photo No. 7645.4) 
Fig.  21. An inclined ( $  =45O) buoyant jet in a stagnant, l inear ly  s t ra t i f ied 
environment ( j e t  No. 18, F = 51 and T = 210, Photo No. 7642.3) 

Fig. 23. Development of a round buoyant jet 
i n  a l inear ly  stratified environment 
(Jet  No. 1, e o  =45O, F = 9.1 and 
T = 48, Photo No. 7661) 
A) F=9.1 , T = 4 8  , 8,=45O (JET N0.I) 
PHOTO NO. 7661 
3 
LEGEND 
4 
3 
- PREDICTED JET TRAJECTORIES (01=0.082, X=1.16) 
--- PREDICTED NOMINAL JET BOUNDAW IES 
I I I I I I 
B) Fa26 , T.48.  eO=45O (JET N0.2) 
- PHOTO NO. 7 6 6 2  - 
w TRACES OF DYED JET BOUNDARIES A.& 
.-- - #  (Note: inverted in ver t ical  direction) 
A*-' 
Fig .  24.  Predicted and observed t ra jec tor ies  and nominal 
boundaries of buoyant jets in l inearly stratified 
environments 
- PREDICTED JET TRAJECTORIES 
(a=0 .082 ,  X=1.16) 
--- PREDICTED NOMINAL JET BOUNDARIES 
- TRACES OF DYED JET BOUNDARIES 
(Note: inverted in  ver t ica l  
direction) 
F ig .  25.  Predicted and observed t ra jec tor ies  and nominal 
boundaries of buoyant jets in l inearly s t rat i f ied 
environments 
LEGEND 
- PREDICTED JET TRAJECTORIES (a-0.082. X.1.16) 
- - -  PREDICTED NOMINAL JET BOUNDARIES 
JET NO. 16 
PA- TRACES OF DYED JET BOUNDARIES 
- 
- 
2 0 0  
- I i / / I  I I I 
- C) F-40, / 
- / 
- 
2 0 0  
a 
-- D 
100 I l l /  I 1  I 100 -- 
B) F.51, T-210 ! 8.n46! 
- - 
- 
JET NO. 16 - 
- 
- 
I l l 1  / I l l  I / , ,  
109 2 0 0  
2 0 0  
Fig.  26. Predicted and observed t ra jec tor ies  and nominal 
boundaries of buoyant jets in l inearly stratified 
environ ments (note: t r aces  inverted in the vert ical  
direction except for J e t  No. 16) 
t *) F=20*  Ts5'0 JET NO. 31 
100 I I I I I I I I 
C) F.60, T.510 JET NO. 33 - 
A- D 
LEGEND 
- PREDICTED JET TRAJECTORIES (0=0.082,  kn1.16) 
--.. PREDICTED NOMINAL JET BOUNDARIES 
- TRACES OF DYED JET BOUNDARIES (inverted in 
vertical direction) 
Predicted and observed trajectories  and nominal 
boundaries of horizontal buoyant jets in linearly 
stratified environments 
Table 2. Terminal  Heights of Rise  yt ' /D of Vert ical  Buoyant Je t s  
in  Linearly Stratified Environments 
The experiments a r e  not detailed enough to  give the s u r e  value 
of a. The prediction by using a = 0 . 0 8 2  gives a reasonably good 
est imate of the jet t ra jec tor ies  and the half widths, although the resu l t s  
a r e  not too sensit ive to  a .  F o r  ver t ica l  jets,  the value a = 0.057  gave 
bet ter  resu l t s  i n  estimating the t e rmina l  heights of r i s e .  More 
experiments a r e  needed to confirm such choice for  ver t ica l  jets. 
Stratification 
Parameter 
T 
44 
160  
100  
J e t  
No. 
4 
7  
10 
. 
Terminal  Height of Rise yi /D F r  oude 
Number 
F 
35 
53 
1 8  
' Observed 
4 5  
8 1  
4 3  
Predicted 
a=0 .082  
36 
6 3  
3 9  
0 .070  
3 9  
67 
4 2  
0 .057  
4 1  
7 4  
45  
2. Experiments  i n  Uniform Environments 
Six horizontal  buoyant jet runs ( Je t  Nos. 22 to  27) were  
conducted in  uniform environments.  A typical photograph of the dyed 
jet with F = 40 (Je t  No. 27) is shown in Fig. 28. The t r a c e s  of jet 
boundaries were  compared with theoret ical  jet t r a j ec to r i e s  and 
nominal half widths a s  shown in Figs .  29 and 30. The observed jet 
boundaries matched well  with theoret ical  values by using coefficients 
a = 0.082 and 1 = 1.16. In Fig.  29, the jet t ra jec tor ies  given by 
Abraham's  (1) analysis  a r e  a l s o  shown. His t ra jec tor ies  tended to 
overest imate the horizontal  distance of t ravel .  This may be due to  an 
overs t ress ing  of the non-buoyant behavior of the jets in  h is  r a t e  of 
growth functions. 
Concentration measurements  taken on the center  plane of Je t  
No. 22 revealed that the maximum concentration values did occur 
midway between the dyed jet boundaries. The technique of concentra- 
tion measurement  i s  described in  detail  in  Section VII-B. 
3. Experiments  on Simple Je ts  
Three runs ( Je t  Nos. 19, 20 and 21) were  made without 
any density difference. The increase  in density of the jet fluid due 
to sa l t  concentration was balanced by adding a proper  amount of sugar  
to  the ambient fluid. Concentration measurements  were  made along 
the jet axes .  The resu l t s  a r e  shown in Fig.  31 and a g r e e  well with 
the relation: 
Fig. 28. A horizontal  buoyant jet in a stagnant, uniform 
environment ( Je t  No. 27, F = 40, Photo No.  
7643-5) 
A) F.33 (JET N0.22) 
LEGEND 
- PREDICTED TRAJECTORIES (a.0.082, A=1.16) 
--- PREDICTED NOMINAL J E T  BOUNDARIES 
- TRACES OF DYED JET BOUNDARIES 
--- ABRAHAM'S ANALYSIS A) ~ = 3 1 . 6  
B) F = I O  
C) Fm14.1 
0 JET AXIS BY CONCENTRATION MEASUREMENTS 
B) F.10 (JET NO. 25) C )  F.13.6 (JET N0.26) 
Fig.  29. Predicted and observed trajectories  and nominal 
boundaries of horizontal buoyant jets in uniform 
environments 
LEGEND 
F.66 (JET NO. 23) 
(PHOTO NO. 7640.4) 
/ i 1 i l I l I ~ I  
/ 
F= 130 (JET NO. 24) 
(PHOTO NO. 7640.5) 
- PREDICTED JET TRAJECTORIES (a*0.@2.  A.i.16) 
--- PREDICTED NOMINAL JET BOUNDARIES 
n/u TRACES OF DYED JET BOUNDARIES 
F= 40 (JET N0.27) 
(PHOTO NO. 7643.5) 
Fig.  30. Predic ted  and observed t ra jec tor ies  and nominal 
boundaries of horizontal buoyant jets in uniform 
environments 
which can be derived f r o m  Albertson et  aL's (5) r e su l t s ,  eq. ( l ) ,  
by taking h = 1. 16, i. e. : 
The deviation of experimental  values of S f r o m  this  relation ranges 
0 
f r o m  t3% to  - l%* 
JET N0.20 
Fig.  31. Dilution r a t i o  So along the axis of 
a s imple  jet (R 6 ,000)  
CHAPTER VI 
THEORETICAL ANALYSIS FOR A ROUND BUOYANT J E T  IN A 
UNIFORM CROSS STREAM OF HOMOGENEOUS DENSITY 
In this chapter theoret ical  solutions a r e  obtained for a round 
buoyant jet injected normally into a s t r e a m  of homogeneous density. 
The problem i s  formulated based upon the assumptions l isted in 
Chapter III. The equations a r e  solved numerically a f te r  normalization. 
Solutions a r e  presented for some specific cases .  Those solutions 
corresponding to ten experimental cases  a r e  given in  Section VII-C. 
Limitations of the theoret ical  solutions a r e  discussed in Section VIII-B. 
VI-A. Formulation of the Problem 
1. Conservation equations 
The basic  assumptions a r e  l isted in  Chapter 111. The 
velocity and buoyancy profiles a r e  assumed to  be: 
u*(s ,  r ,  y) = Ua cos 0 t u ( s )  e - r 2  /b2 
and 
A schematic d iagram of a jet in a c r o s s  s t r e a m  is shown in 
Fig. 3 2 .  The jet boundary i s  defined to  be f i b  f rom the jet axis.  
The continuity re la  tion, based upon the entrainment mechanism 
represented by eq. ( I ? ) ,  can be expressed a s :  

The left-hand side of eq. (60), by substituting eq. (18) for  u::, 
becomes 
which, for simplicity, i s  approximated by: 
Thus eq. (60) can be wri t ten a s ,  
d 2 112 
- <b2 (2Ua cos + u)]= 2 a b (Ua2 sin2 8 + u ) d s  
(continuity) (61) 
The momentum equations can be written in integral  forms by 
assuming a g r o s s  d rag  t e r m  with a d rag  coefficient C In the x- d ' 
direction, the r a t e  of change of momentum flux i s  equal to  the ra te  of 
entrainment of ambient momentum flux plus the d rag  fo rce  acting on 
the jet: 
p*u:F(u*cos e)dA=p Znab U (v.-8 ( + F  sin (62) 
a a J a  D 
where  FD is the d rag  force  assumed to be: 
The left-hand side of eq. (62), by substituting eq. (18), becomes: 
- r2 
p: 2nr (Ua cos + u e I b 2 ) ~  cos dr 
S - r 2  - r2 --" P a  d s  2nrUa2cos2 8 d r +  Z~ir(2U cos O f  ue a Ib2 )ue Ib2dr  cos 8 
0 0 
- 
d rb2u2 
- pa 2nb2u cos2e + 2nb2 U u cos +- 
a a 2 cos 0 1  
By substituting the entrainment eq. (17) and dividing by p n ,  eq. (62) 
a 
can be written a s :  
d b2 
- [ F  (2Ua cos 0 + u ) ~  cos e] = 2abU ( u 2  sin2 6 + u2) 1 / 2  ds  a a 
(x - momentum) (64) 
In the y-direction, the r a t e  of change of the momentum flux 
i s  equal to the gravity fo rce  acting on the jet c r o s s  section l e s s  the 
y-component of the drag  force :  
Integrating and dividing by p n,  
a 
d b2 P a - P  (' (2Ua cos 0 t u ) '  s in  01 = bag -- - 
n 
U 2b2sin20 cos 0 
Pa a 
The density deficiency flux, induced by heat content o r  sal t  
deficiency, should be conserved since the ambient fluid i s  homogeneous: 
By substituting eqs. (18) and (19) into eq. (67): 
Then, 
d 
-[b2 (2ua cos e + U )  (pa -p )  1 = 0 d s  
(density deficiency) (68) 
The flux of any  specific t r a c e r  of concentration c::: contained 
in  the jet flow should a l s o  be conserved, i. e. 
Integrating by substituting eqs. (1 8) and (20), 
(continuity of a t r a c e r )  
2. Geometric relations 
The jet t ra jec tor ies  a r e  determined by solving the following 
two equations with the se t  of equations l isted above: 
d 
- X = C O S  6 d s  (geometry) (71) 
and 
d 
- y = s in  0 d s  (geometry) ( 7 2 )  
Therefore the problem has  seven unknowns: u, b, 0 ,  pa -p ,  C ,  
x and y to  be solved f r o m  seven simultaneous ordinary differential  
equations (61), (64), (66), (68), (70), (71) and (72). 
3 .  Initia 1 conditions 
The init ial  conditions given a t  the beginning of the zone of 
established flow at 0 a r e :  
~ ( 0 )  = uo, b(O) = bo, p(0) = p,,  ~ ( 0 )  = eo, 
c(0) = co,  x = 0,  and y = 0 a t  s = 0 
where  the init ial  angle 8 i s  no longer 90 degrees  a s  stated in  
0 
Section III-C. 
Eqs.  (68) and (70) can be integrated immediately. The con- 
servation of density deficiency i s  then expressed a s :  
b2(Zua cos 0 + u) ( p a - p )  = const. (density ddficiency) (74) 
This equation, with appropriate  init ial  conditions, may be used to 
eliminate ( p a - p )  in eq. (66). Fur the rmore ,  the continuity of the 
t r a c e r  substance i s  : 
b2(2ua cos 8 + u) c = const. (continuity of a t r a c e r )  (75) 
Therefore both ( p  - p )  and c values can be determined easi ly  f r o m  the 
a 
solutions of the t e r m  b2(2ua cos 0 t u). Thus the re  a r e  only five 
unknowns remaining i n  the solution of a sys tem of five simultaneous 
ordinary differential  equations. 
VI-B. Normalized Equations and Dimensionless P a r a m e t e r s  
The se t  of equations a r e  then normalized by defining dimension- 
l e s s  pa ramete r s  a s  follows, using ini t ia l  values: 
Volume flux parameter :  
Momentum flux pa ramete r s  : 
b2 ( 2 ~  cos 8 t u ) ~  
a 
h = m cos 8 
v = m sin 8 
(x-direction) 
(y-direction) 
Velocity ratio:  k = (uo t Ua cos Bo)/Ua = Uo/Ua 
P a - P  /(k"ua2) Buoyancy pa ramete r :  f = b g - 
O P a  
Coordinates: 
Equations (61), (64), (66), (71) and (72) a r e  then normalized 
in  t e r m s  of these dimensionless pa ramete r s :  
where,  
dv - = f 4 1 _ - -  - i~ sin2 8 cos 8 
dS m k'2 m 
9 = cos e 
dS 
dS 
-- = s in  8 
dc  
k '  = k t cos 8 
0 
$ = @in2 8 + ( m / p  -2  cos 8)") 112 
and 
Cd ' = C D l a v  i s  defined a s  a reduced d rag  coefficient. d 
The init ial  conditions a t  5 = 0 a r e :  
~ ( 0 )  = 1, m(0)  = 1, e(0) = e0,  s ( 0 )  = 0 and ~ ( 0 )  = 0 (86) 
The initial angle of jet inclination go ,  must  be evaluated a t  the end of 
the zone of flow establishment.  In Section VI-E i t  will be shown that 
8 0  may be considered a s  a function of the velocity rat io ,  k. Thus, 
t he re  a r e  two pa ramete r s  relevant to  the problem; namely the 
velocity ra t io  k and the buoyancy parameter  f .  The value of Cd' 
is to be determined f r o m  the experiments as shown in Section VII-C. 
VI- C. Method of Numer ica l  Solution 
The sys t em of ordinary differential equations i s  s imi lar  in 
nature to the equations for jets in stagnant environments shown in 
Chapter IV. Hence the numer ica l  solutions were  c a r r i e d  out by the 
same  technique a s  stated in Section IV-C. 
F o r  each se t  of values of k, f, and C ' a numerical  calculation d 
was made. The 0 values used a r e  based upon eq. (87) shown in 
0 
Section VI-E. The coefficients a and C ' were  determined by com- d 
paring experimental and calculated values of dilution rat ios  and 
t ra jec tor ies  as presented in  Section VII-C. 
VI-D. Solutions of Gross  Behavior of Je t s  
Fig. 33 shows the calculated variations of the momentum flux 
parameter  m and volume flux parameter  y with the normalized 
distance along the jet t ra jectory,  c , for the cases  k = 4 and f = 0.0#0269 
a t  two different d rag  coefficients C ' = 0. 7 and 1. 2. Both m and y d 
inc rease  steadily with the distance of t r ave l  5. Fig.  34 shows the 
variations for the case  k = 8 and f = 0.00103 a t  a chosen Cd' value 
of 0.5. 
Fig.  35 shows the decay of jet velocity along c-coordinate for 
both cases  of k = 4 and 8. The jet velocities approach the value of 
Fig.  33. Var ia t ion  of volume flux p a r a m e t e r ,  y, 
and  momen tum flux p a r a m e t e r  m along 
c-coordinate  f o r  a buoyant jet  i n  a un i fo rm  
c r o s s  s t r e a m  with k = 4 and  f = 0.00269 
(for a = 0. 5 ,  F = 20). 
Fig. 34. Variation of volume flux p a r a m e t e r ,  p, 
and momentum flux pa rame te r ,  m ,  along 
c-coordinate fo r  a buoyant jet in a uniform 
c r o s s  s t r e a m  with k = 8 and  f = 0.00103 
(for a = 0.4,  F = 40). 
Fig. 35. Variation of the ra t io  of the jet center line 
velocity, U., and jet discharge velocity 
U along  coordinate for buoyant jets i n  0. 
unlform c r o s s  s t r e a m s  

the ambient velocity rapidly. Such relations a r e  probably affected 
l i t t le by the choice of the d rag  coefficient a s  implied by the case  k = 4. 
Je t  t r a j e c t ~ r i e s  fo r  the case  k = 4 a r e  shown in Fig. 36 for  two 
different d rag  coefficients Cdf. As C ' i nc reases  the t ra jec tory  bends d 
over m o r e  rapidly a s  expected. 
Solutions for  ten  experimental cases  a r e  presented in  Section 
VII-C for  comparison with the experimental jet t ra jec tor ies ,  half 
widths and dilution ratios.  
VI-E. Application to  P rac t i ca l  Problems 
In prac t ica l  applications the zone of flow establishment has  
to  be defined. A definition sketch and the jet t ra jec tor ies  obtained 
by ~ o r d i e r  (15), Jordinson (17) and  Keffer and Baines (18) nea r  the 
nozzle 0' a r e  shown in Fig. 37. The r e su l t s  shown were  determined 
by velocity measurements  in ordinary (non-buoyant) jets in  c r o s s  
s t r eams .  Based upon Gordier ' s  r e su l t s  the length of the zone s ' 
e 
i s  assumed to follow the relation expressed i n  Fig. 38. The init ial  
angles  8 were  then measured f r o m  the t ra jec tor ies  shown in 
0 
Fig.  37 and expressed a s  shown in Fig. 39. The relation can be 
assumed a s :  
0 = 90-110/k 
o (in degrees)  (87) 
The relations a r e  obtained f r o m  the experiments on ordinary 
jets but a r e  assumed to be applicable to buoyant jets a s  well. 
By considering the conservation of the flux of density deficiency 
at two c r o s s  sections a t  0 and 0': 

Fig .  38. Values of SLID, length of the zone of flow establish- 
ment ,  a s  a function of l / k  for  jets in uniform c r o s s  
s t r e a m s  
90" 
80° 
' 0  70" 
6 0" 
8 MEASURED FROM FIG.37 
5 0" 
0 0.1 0.2 0.3 
I 
Fig .  39 .  Initial angle 8, a s  a function of l / k  for  jets in 
uniform c r o s s  s t r eams  
1 Pa-f ' l  - T D ~  P a - P 1  
n boa (ZUa cos go+ uo) - - U 
Pa 4 0 P, 
the value bo i s  found to be related to  the diameter  D by: 
The buoyancy parameter  f i s  then related to the densimetr ic  
Froude number of the jet ,F,  defined by eq. ( l l ) ,  by: 
The dilution ra t io  of a cer ta in  t r a c e r  substance S along the jet 
ax is  i s  direct ly  related to  the volume flux parameter  IJ. by: 
Values of the entrainment coefficients and drag  coefficients a r e  
determined in the next chapter.  By using these values the jet g ross  
behavior can be predicted f r o m  the theoret ical  analysis.  
Limitations of the analysis  a r e  discussed in Section VIII-B. 
CHAPTER VII 
EXPERIMENTAL STUDY FOR A ROUND BUOYANT J E T  IN 
A UNIFORM CROSS STREAM O F  HOMOGENEOUS DENSITY 
Experiments  on buoyant jets in c r o s s  s t r e a m s  a r e  described 
in  this chapter. F i r s t ,  the objectives a r e  outlined, and then the 
experimental  procedure and apparatus  a r e  descr ibed i n  detail. The 
r e su l t s  of the experiments  a r e  summarized in the final section and 
discussed in Section VIII-B. 
VII-A. Objectives of the Experimental Investigation 
The objectives of the experimental investigation a r e :  
1. to determine the g ross  behavior of the jet flows and 
compare with the theoret ical  solutions ( see  Chapter VI), 
2. to  examine the validity of the assumptions made in the 
analysis ,  
3.  to provide the numerical  values of the entrainment 
coefficient, a ,  and the drag coefficient, Cd' 
The velocity along the jet ax is  decays rapidly and approaches 
the value of the ambient velocity in  a short  distance. The excess  of 
velocity i s  difficult t o  measure .  Also, i t  i s  a vector quantity whose 
direction should be determined a s  well a s  i t s  magnitude. Hence the 
velocity measurement  was not ca r r i ed  out in this study. 
Salt concentration in the jet flow, on the other hand, could be 
determined easi ly  by conductivity measurements .  The r e su l t s  of 
such measurements  not only gave the variation of concentration but 
could a l s o  be used to locate the jet ax is  and the variations of the 
width of the jets. Therefore,  conductivity measurements  were  made 
to  determine these quantities. 
To make the experiments  s impler ,  sa l t  water  was injected into 
the flowing s t r e a m  of f r e s h  water f r o m  the top, thus producing a 
sinking jet. Because of the very  sma l l  density difference between the 
fluids, the analysis  for  the sinking jet discharged down i s  the same a s  
for  the buoyant jet discharged up, except for  r e v e r s a l  of the gravity 
force.  Photographs of a sinking jet may  simply be turned upside 
down to show a buoyant jet. 
VII- B. Procedure  and Apparatus 
Experiments  were  conducted in  flows covering a range of 
init ial  conditions with different jet densimetr ic  Froude numbers  and 
velocity rat ios .  The general  setup for the experiments  is shown in  
Fig.  40 and explained in detail  in the following sections. In each run 
a jet of heavy fluid was discharged into the flume flow f r o m  the f r e e  
surface.  Conductivity measurements  were  ca r r i ed  out a t  s eve ra l  
c ross-sec t ions  no rmal  to  the jet axis .  A se t  of towed jet experiments  
was a l s o  performed in  the flume without flow to determine the effects 
of ambient turbulence. 
Fig.  40. General experimental setup for  buoyant jets i n  c r o s s  s t r eams .  
1. The flume and flume flows 
The experiments were  ca r r i ed  out in the 40-meter  p r e -  
cision flume with a c r o s s  section of 110 c m  wide and 61 c m  deep in 
the W. M. Keck Laboratory of Hydraulics and Water Resources.  
The side walls a r e  g lass  plates 1. 2 c m  thick, and the bottom was 
lined with smooth s tainless  s tee l  plates.  A schematic d iagram of 
the flume i s  shown in Fig. 41 (see  Vanoni (34) for  a detailed descr ip-  
tion of the flume). 
F o r  all the experiments the flume was filled with f i l tered tap 
water  up t o  50 c m  deep. The total  volume of water  in the flume was 
approximately 33,000 l i te rs .  The water  was recirculated through 
the flume by a 30 hp pump. The flume flow ra t e  was determined by 
a manometer connected to  a Venturi meter  (laboratory no. Q-39). 
Since the object of the experiments was  to study a buoyant jet 
into a uniform ambient s t r eam,  not a turbulent shea r  flow, the main 
region of the downward jet flow was se t  a t  a region of flume flow that  
was relatively uniform. 
To seek  such a region, velocity measurements  in  the flume 
without jet flow were  performed by using a 0.32 c m  Prandt l-Pi tot  
tube. A typical measured  velocity distribution i s  shown in F i g .  42. 
The maximum velocity occurred off the center of the flume to the west 
side indicating the presence  of a counterclockwise (looking downstream) 
secondary flow. Such behavior was consistent f r o m  the ups t r eam to 
the downstream end of the flume and i ts  cause was unknown. A shaded 
region where the velocity distribution was relatively uniform was 
Fig.  41. The 40-Meter  P r e c i s i o n  Til t ing F lume ( F r o m  Vanoni (34), p. 7) 

chosen a s  shown in Fig.  43. The jet discharging point 0' was set  off 
center  15 c m  to the west side. The shaded zone was a s sumed  to 
affect the jet flow most  and the average  velocity of the region was 
taken to  be the value of the ambient velocity Ua. The values of Ua 
w e r e  obtained by velocity measurements  in  the shaded region and 
were  related to the readings of the Venturi meter  on the r e tu rn  pipe 
f r o m  the pump. In each run the ambient velocity U was se t  by 
a 
adjusting the pump speed to  get the appropriate  value of the Venturi 
me te r  reading for  the des i red  ambient velocity. 
In the region chosen, the ex t reme deviations f r o m  the U values 
a 
a r e  l isted in Table 3.  In the main region of the jet flow, the maximum 
deviations of the mean point velocities f r o m  the zonal mean were  
approximately + 6  t o  -9%. 
The flume was se t  a t  a fixed slope of 0.00022 for all the runs 
except the towed jet experiments where the flume was se t  a t  a level 
position. The flow depth was se t  a t  50 c m  for all the runs a t  the test  
section. The depth probably varied ve ry  slightly along the flow 
direction, but i n  view of the shor t  length of the tes t  section ( less  than 
1.5 m )  the variation over such a distance was  neglected. 
The turbulence intensit ies of the flume flow has  not been 
determined. The turbulence intensity is expected to  be under 570 over 
the main region based on Raichlen's (28) data obtained i n  another 
flume flow. 
I OF THE ORIFICE 
Fig. 43. The location of the jet discharge point 0' relative to the flume 
center-line and the region assumed to affect the jet flow 
(shaded zone). The values shown a r e  percentage deviations 
f r o m  the average  velocity U when at 19. 2 c m / s e c .  
a 
Table 3. Deviation f r o m  ambient mean velocity U in the shaded zone 
shown in Fig.  43 a 
Average 
Velocity i n  the 
Shaded Zone 
u 
a 
c m l s e c  
1 3 .  2 
19. 2 
2 5 .  8 
26. 7 
3 2 .  7 
Ext reme  Deviation 
of Velocity i n  the Shaded Zone 
% of Ua 
+6 to  -8 
+4 to  -8 
+3 to -6 
+5 to  - 9  
+3 to  -4 
2. Modeling of the gravity effect 
The variation of density was modeled by using aqueous 
solutions of sodium chloride - the s a m e  method a s  mentioned in 
Section V-B. The base fluid for the jet flow was taken f r o m  the flume. 
The values of density were  determined by hydrometer  measurements  
t o  the nea res t  0.0001 g r / m l  for  p < 1.038 g r / m l  and 0.001 g r / m l  for 
p > 1.04 g r / m l .  The specific gravity of the jet fluids used varied 
f r o m  1.01 to  1. 15. The flume water  was f r e sh  with a specific gravity 
around 1.000. The fluids were  a t  tempera tures  between 20 to  2 2 O ~ .  
The effect of the tempera ture  difference was neglected. 
3 .  The nozzles and jet flows 
The setup of the jetting unit i s  shown in  Figs.  44 and 45. 
The jet was produced by a sharp-edged orifice either 0.95 c m  or  
0. 64 c m  in diameter  ( see  Fig. 18, nozzles E and F, in Section V-B). 
The jet fluid was pumped f r o m  three r e se rvo i r  tanks with a total  
volume of 900 l i t e r s  into a sma l l  constant head tank, then into a 15 c m  
x 15 c m  x 20 c m  box. Each orifice plate was  attached to the bottom of 
the box facing down and just touching the water surface i n  the flume. 
The flow ra te  was determined by a n  open ended manometer connected 
to  the side of the jet box. The manometer  was calibrated to  give the 
volume flow rate .  The init ial  jet d iameter ,  D, was taken to be 0. 8 Do 
to allow jet contraction. The nozzles E and F a r e  hereaf te r  denoted 
by the contracted jet d iameters ,  namely 0.76 c m  and 0.51 c m  respec -  
tively. The calibration curves for the manometer  reading v s  discharge 


velocity, based upon the flow r a t e  divided by the init ial  contracted jet 
cross-sect ional  a r e a ,  were  identical for  both nozzles. 
The jet flow was controlled by a se t  of valves. The jet d i s -  
charge velocity could be adjusted to  within 1% of the des i red  value. 
In each run  the density difference between the flume water  and 
the jet fluid was determined f i r s t .  Then the required jet discharge 
velocity was calculated f r o m  the jet Froude Number F desired.  The 
intended velocity ra t io  determined the ambient velocity U The 
a 
e r r o r  in  control of the velocities was estimated to be l e s s  than ~27'0 
for  Uo, and *1% for  Ua. The range of the jet discharge velocity was 
f r o m  104 to 296 cm/sec .  
4. Conductivity measurements  and apparatus  
The sal t  in solution in  the jet fluid not only served to model 
the gravity effect but a l s o  was convenient a s  a t r a c e r  for  the conduc- 
tivity measurements .  
A conductivity probe (45.5 c m  long) developed by the Hydro- 
dynamics Laboratory a t  the Massachusetts Institute of Technology was 
used. The electrodes were  0.32 c m  x 0.32 c m  x 30 m i l  platinum 
pla tes  0.32 c m  a p a r t  a s  descr ibed by Koh (19). The conductivity 
measurement  technique was s imilar  to Koh's method. Fig. 4 7  shows 
the probe both schematically and photographically. A single channel 
Sanborn r ecorde r  (Model 150) with 1100 AS C a r r i e r  Pre-Amplif ier  
were  used. The bridge circuit  used in conjunction with the Sanborn 
r ecorde r  for  the measurement  of the conductivity i s  shown in Fig. 48. 
SOLDERED CONNECTION 
DE KHOTINSKY CEMENT 
FILLER 
I " /-- EVACUATED GLASS TUBE ;i 
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PLAT1 NUM ELECTRODES f' SQUARE 
Fig. 47. The conductivity probe ( F r o m  
Koh (19), p. 57) 
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Fig. 48. The bridge c i rcu i t  used in  conjunction with the Sanborn 
r ecorde r  for  the measuremen t  of the conductivity, (From Koh (19), p. 59) 
The probe was mounted on a tiltable point gage a s  shown in  
Fig. 46. The gage could move in the t r ansve r se  direction on the 
car r iage .  
Since the purpose of the probe was to m e a s u r e  concentration c* 
of the original jet fluid in a mixture of jet fluid and flume water ,  the 
calibrations were  determined in  t e r m s  of standard re ference  mixtures  
prepared  f r o m  the jet fluid and flume water for  each run. It was not 
necessary  to re la te  r eco rde r  readings t o  absolute sal t  concentration 
or  e lec t r ica l  conductivity. Calibration of the probe was obtained by 
immers ing  the probe into these standard solutions of different con- 
centrations of the jet fluid in mixtures  with flume water and reading 
the corresponding deflections on the Sanborn recorder .  Since the 
'a 
calibration driffPkd slightly with t ime in each run,  s eve ra l  ca l ibra-  
t ions were  made during the run. Fig. 49 shows the calibration curves 
for a typical run. Note that all concentrations c:k used hereaf te r  a r e  
not sal t  concentra'tions, but a r e  jet fluid concentrations, whereby the 
original jet is represented a s  c:: = 1. The curves  were  near ly  l inear ,  
but curved slightly a t  la rge  concentrations. 
By visual  observation of the dyed jet, the probe was f i r s t  lined 
up normal  to  the jet ax is  a t  the section to  be measured.  The location 
of the probe relative to the jet was determined f rom a photograph 
taken with the probe se t  a t  a known point gage reading. The photo - 
graphic technique was the same  as mentioned in Section V-B. The 
concentration distribution a c r o s s  the section was then measured point 
by point. The measuring t ime for  each point was about 100 seconds 
when the fluctuation was la rge  and l e s s  t ime was allowed in case  of 

sma l l  fluctuations. A sample of the r eco rd  i s  shown i n  Fig.  50. The 
average  value of the reading was obtained by visual  estimation. The 
e r r o r  in  C* was estimated to  be l e s s  than *2% near  the jet ax is  and 
*lo% near  the jet edge. 
5. Correct ion for the change of ambient sal t  content 
Since the flume water  was recirculated,  the sa l t  content of 
the flume increased slowly during the run. The measured  apparent  
concentration c was reduced to the ac tua l  concentration of jet fluid 
m 
in flume water (c:::) by the formula:  
where c was the apparent background concentration infer red  f r o m  b 
the calibration curves ,  such a s  Fig. 49. The e r r o r  of the formula 
was estimated to be of the order  of c c 2. The value of c for  a l l  the 
m b  b 
runs was l e s s  than 3%; thus the e r r o r  involved was extremely small .  
The change of the Froude number due to  increase  of ambient density 
was then l e s s  than 1.5% and neglected. 
The concentration measurements  were  made mostly on the 
ver t ica l  center  plane to  locate the jet axis  and the width. The maxi -  
mum concentration values of these ver t ica l  profiles were  used a s  the 
c ( s )  values in the analysis.  Severa l  complete concentration profiles 
were  a l s o  obtained to  examine the distributions over whole c r o s s  
sections.  The resu l t s  a r e  presented i n  the next section. 
m 
v' 
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6. Photographic techniques 
The same  photographic technique was used h e r e  a s  
descr ibed in  Section V-B. The technique served one m o r e  purpose 
h e r e ,  that being to determine the location and the inclination of the 
probe a t  each section measured.  
The jet fluid was mixed with the concentrated blue dye a t  a 
concentration of about 50 ppm. The density of the jet fluid was not 
affected by the dye concentration. The dyed solutions were  used only 
for photographic purposes and in aligning the probe positions. In 
ac tua l  concentration measurements  solutions without the dye were  used. 
F o r  each experimental case ,  a t  least  two photographs of the 
dyed jet were  taken. Motion pictures were  a l s o  taken for specific 
runs.  
7. Towed jet experiments 
Runs were  made with the jetting device mounted on the 
motorized car r iage ,  moving along the flume a t  a constant speed. The 
flume was se t  a t  horizontal  slope and used a s  a towing tank. The 
towing distance was about 32 m. A Minarik speed control was used 
to  set  the speed of the D. C. motor dr ive on the car r iage .  The speed 
was established to within *l% of the desired values to simulate 
previous runs.  The jet fluid was pumped to the jetting unit through 
a long hose. 
Photographs were  taken for  the dyed jets. Concentration 
measurements  were  made a t  s eve ra l  sections with the probe mounted 
on the ca r r i age  a t  fixed positions. Each towing yielded the concentra- 
tion value a t  one point. Motion pictures  were  a l s o  taken to compare 
visually with the runs with fixed jet into flowing water  in  the flume. 
VII- C. Experimental  Results 
Twenty-six runs were  conducted in  this  investigation a s  shown 
in Table 4. The run numbers  were  designated by two numerals :  
f i r s t ,  the jet Froude number,  F, and second, the velocity rat io ,  k. 
The le t ter  S was used to  denote the runs where complete concentration 
profiles over the cross-sections were  made; and T for the towed jet 
runs.  The range of Froude number was f r o m  10 to 80, the velocity 
ra t ios  f r o m  4 to 16. 
The resu l t s  a r e  presented in the following sequence: photographs 
of dyed jets ; concentration profiles and maximum concentration values 
c ( s ) ;  the location of the jet axes ,  t ra jec tor ies ,  dilution S, and half 
widths, r ; values of the coefficient of entrainment,  a ,  and the 0.5 
d rag  coefficients, Ch (or cd). 
1. Photographs of the dyed jets 
A se t  of photographs of dyed jets with k = 4, 6, 8, 12 and 16 
a t  F = 20 a r e  shown in  Figs .  51(a) to  (e) demonstrating the effect of 
the ambient current .  Figs.  52(a) and (b) show the cases  of F = 10 and 
20 a t  k = 8. Figs .  53(a) t o  (c) show the cases  of F = 20, 40 and m a t  
k = 16. These two se ts  of pictures  demonstrate  the effect of gravity 
on the jets. All  these  jets were  issued f r o m  the 0. 76 c m  orifice. 
Figs .  54(a) and (b) a r e  cases  for k = 12 and 8 at F = 40 using the 
Table 4. Sumrnar y of buoyant jet experiments in flowing environments. 
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Fig. 51. Buoyant j e t s  in c r o s s  s t r e a m s  with F = 20 
a t  var ious  velocity ra t ios  k = 4, 6 and 8 
F= 20, ( 0 .76cm ORIFICE) 
D) k= 12 (PHOTO NO. 7620.3) 
E) k = 16 ( PHOTO NO. 7620.5) 
Fig. 51. Buoyant jets in c r o s s  s t r e a m s  with F = 20 
a t  var ious velocity ra t ios  k = 12 and 16 
k . 8 ,  (0.76cm ORIF ICE) 
= (0 (PHOTO N0.7615.8) 
8) F= 20 (PHOTO NO. 7628.4) I 
C )  NON -BUOY& NT (PHOTO NO. 76251 I1 
Figo 5 2 -  Buoyant jets in Cross streams with k = 8 a t  various 
Froude numbers F = 10, 20 and infinity 
k = 1 6 ,  ( 0.76 cm ORIFICE) 
A) F = 20 (PHOTO NO. 7620.5) I 
B) F=40 (PHOTO NO. 7628.1 ) 
C )  NON-BUOYANT (PHOTO ~0.7625.15) 
Fig. 53. Buoyant jets in c r o s s  s t r eams  with k = 16 a t  various 
Froude numbers  F = 20, 40 and infinity 
F=40,  (0.51cm ORIFICE) 
- 
A )  k= 8 (PHOTO NO. 7655.6) 
6) k = 12 (PHOTO NO. 7650.5) 1 i 
Fig.  54. Buoyant jets  in c r o s s  s t r e a m s  with F = 40 
a t  veloci ty  r a t i o  k = 8 and 12 
0.51 c m  orifice. Fig. 55(a) and (b) a r e  respectively stationary and 
towed jet cases  at F= 80 and k = 16. The photograph of the dyed jets 
revealed no detectable difference between the stationary and the 
towed jet cases .  
The dyed jet boundaries were  t raced  directly f r o m  the negatives 
by using an  enlarger .  These were  superimposed on the jet t ra jec tor ies  
based on concentration measurements  a s  shown in Figs.  60 (a) to (j). 
2. Concentration profiles and the location of the jet ax i s  
The concentration profile measured a c r o s s  the jet i n  a 
vert ical  center-line plane was f i r s t  plotted for each section a s  shown 
in Fig. 56. A curve was then fitted through the data points by 
inspection. The center line concentration of original jet fluid, c ,  was 
obtained a s  the maximum c::: value f r o m  the curve. The location of 
the point was taken a s  the axis  of the jet and later  laid out on the t r ace  
of the photographs of the probe locations. The jet half width ro. was 
h e r e  taken to be the distance f rom the axis  to  the point where c:;=O. 5c 
and designated a s  r a s  shown in Fig. 56. The value of ro ,  5, 0.5 based 
upon a Gaussian distribution, i s  equal to 0. 833b. 
The profiles show little skewness a t  the plane of symmetry.  
A complete profile of the concentration distribution over a c r o s s  
section is shown in Fig. 57. The overal l  maximum concentration has  
peaks on each side of the plane of symmetry and showed a n  excess  
over the c-value chosen of more  than 75%. The jet half width ro. 
was only one half of the t r ansve r se  half width r b. as shown in Fig. 57. 
F= 80, k= 16 (0.51 cm ORIFICE) 
A) STATIONARY JET ( PHOTO NO. 7655.2 ) 
B) TOWED JET (PHOTO NO. 7657.4) 
Fig- 55. Sta t ionary  and towed buoyant jets fo r  the  case 
F = 80 a n d  k = 16 

EASURED POINTS 
Fig.  57. A complete concentration profile for  the c a s e  
F = 20 and k = 8 (0.76 c m  orifice).  A s  shown, 
the ambient  flow component i s  f r o m  the top, and 
the wake i s  below 
+ MEASURED POINTS 
Fig. 58. A complete concentration profile for  the c a s e  
F = 40 and k = 8 (0.76 c m  orifice).  A s  shown, 
the ambient  flow component i s  f r o m  the top, and 
the wake i s  below 
Similar  r e su l t s  were  obtained for  the case  of F = 40 and k = 8, as 
shown in Fig. 58. The excess  over the c-value was slightly l e s s  (600/0), 
but the overal l  shapes were  s imi lar  and the t r ansve r se  half widths 
r were  near ly  always twice the value of r a s  shown in these two 0.5 0.5 
f igures .  
The concentration profiles on the planes of symmetry  were  
normalized by c and r and presented a s  shown in Fig.  59. The 0 .5  
distributions were  close to a Gaussian e r r o r  curve. 
3 .  Trajec tor ies ,  dilution ra t ios ,  S, and half widths, r 0.5 
Measured t ra jec tor ies  with the dyed jet fo rms  t raced  f r o m  
the photographs a r e  shown in Figs .  60(a) to  (j). Since a photograph i s  
a n  instantaneous view, the i r r egu la r  boundary sketched i s  just one 
sample of the jet boundary. Figs.  60(a) t o  (j)  show a l s o  the variation 
, and half width, ro. 5, along the distance of the dilution rat io ,  S = - 
C 
of t ravel ,  s l / D .  
The theoret ical  solutions were  computed over a range of C ' d 
and a values for  each case  to  compare with the t ra jec tory  and the 
dilution rat ios .  An approximate best  f i t  was obtained by a choice of 
C ' and a for  each run. The corresponding r /D  values fitted the d 0.5 
solutions fa i r ly  well  for  each case.  
4. Entrainment coefficients, a, and drag  coefficients, 
C d I  
The values of the coefficients of entrainment and p r e s s u r e  
coefficients obtained a r e  summarized in Table 5. 
o RUN 40-12 s'/D = 18.0 
0 RUN 40-12 = 41.9 
CB RUN 40-168 144.2 
61 RUN 40-168 = 67.2 
@ RUN 40-8SB =32.5 
A RUN 40-8SB =8? 
A RUN 40-8SB =I19 
+ RUN 20-4 =9.5 
x RUN 20-4 ~22.0  
v RUN 20-4 =52.8 
V RUN 20-4 =89.2 
B RUN 20-4 =123 
Fig  . 59. Normalized concentration distribution on the plane of symmetry  
100 5 0 0 
-TRACE O F  J E T  B O U N D A R Y  
- (PHOTO NO. 7616.10) - 
. i 1 1 I I I I I I I 50 
Fig. 60. Comparison of observed and theoret ical  t ra jec tory ,  
half widths, r /D, and center-line dilution ra t ios ,  
S, of a b ~ o ~ a n ? * ~ ~ e t  in a uniform c r o s s  s t r eam.  
(a) F = 10 and k = 4 
-TRACE OF JET BOUNDARY 
(PHOTO NO. 7615.6) 
Fig. 60, Comparison of observed and theoret ical  t ra jec tory ,  
half widths, r 5 /D ,  and center- l ine dilution ra t ios ,  
S, of a buoyan?+jet in a uniform c r o s s  s t r eam.  
(b) F = 1 0 a n d  k =  8 
- T R A C E  OF J E T  BOUNDARY 
(PHOTO NO. 7628.10) i i  
Fig, 60. Comparison of observed and theoret ical  t ra jec tory ,  
half widths, roe /D, and center  -line dilution ra t ios ,  
S, of a buoyant jet in  a uniform c r o s s  s t r  earn. 
(c) F = 20 and k = 4 
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- TRACE OF JET BOUNDARY 
(0.5lcm ORIFICE, PHOTO N0.7650.1 
Fig. 60. Comparison of observed and theoretical t rajectory,  
half widths, r /D, and center-line dilution ra t ios ,  5 S, of a buoYan?.jet in a uniform c r o s s  s t ream.  
(d) F = 20 and k = 8 
- T R A C E  OF JET BOUNDARY 
(PHOTO NO. 7620.3)  
Fig. 60. Comparison of observed and theoretical t rajectory,  
half widths, r /D, and center-line dilution rat ios ,  
S, of a buoyan?*jet in  a uniform c r o s s  s t ream.  
(e) F = 20 and k = 12 
F- TRACE OF JET BOUNDARY 
(PHOTO N0.7613.3) 
Fig.  60. Comparison of observed and theore t ica l  t r a j ec to ry ,  
half widths, r E , / ~ ,  and cen te r - l ine  dilution r a t i o s ,  
S, of a buoyanPaJet in a uniform c r o s s  s t r e a m .  
(f) F = 4 0 a n d  k = 4 
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Fig. 60. Comparison of observed and theoret ical  t rajectory,  
half widths, r /D, and center -line dilution rat ios ,  
S, of a buoyan?':et in a uniform c r o s s  s t ream.  
(g) F = 40 and k = 8 
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Fig. 60. Comparison of observed and theoretical t rajectory,  
half widths, r 5 /D ,  and center -line dilution ra t ios ,  
S, of a buoyan?'jet in a uniform c r o s s  s t ream.  
(h) F = 40 and k = 12 
- STATlONARY JET EXPERIMENT (PHOTO N0.7660.3 
Fig. 60. Comparison of observed and theoretical t rajectory,  
half widths, r 5 /D,  and center -line dilution rat ios ,  
S, of a buoyan?*jet in a uniform c r o s s  s t ream.  
(i) F = 40 and k = 16 
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Fig. 60. Comparison of observed and theoret ical  t rajectory,  
half widths, r /D, and center -line dilution rat ios ,  
S, of a buoyan 8 'jet in a uniform c r o s s  s t ream.  
(j)  F = 80 and k = 16 
Table 5. Values of the Entrainment Coefficients, a ,  and Drag Coefficients, 
C ' and Cd, Determined f r o m  the Experimental  Results d 
A) ,ci VALUES B) a VALUES 
Fig. 6 1. Variations of the entrainment coefficient a and the reduced drag 
coefficient Cd' for  buoyant jots in uniform c r o s s  s t r e a m s  
The coefficient of entrainment a varied f r o m  0. 5 t o  0.4 and the 
d rag  coefficients, Cd, f r o m  0. 1 to 1.5, o r  Cd, (C = C I ) ,  f d J7d 
0. 1 to  1.7.  (The drag  coefficient C i  i s  m o r e  convenient for  this 
analysis ,  although Cd i s  the drag  coefficient a s  usually defined in fluid 
mechanics.  ) Both coefficients a and Cd increased  a s  the velocity ra t io  
decreased.  The entrainment coefficient a decreased with increasing 
Fr oude number but the drag coefficient increased with the Froude 
number for  a given velocity ratio.  
The values of the entrainment coefficient a r e  considerably 
l a rge r  than the values used for jets in  stagnant environments. The 
effect of the ambient cur rent  tends to inc rease  the dilution. Since the 
entrainment coefficient value depends on the shape of the profile 
assumed,  smal le r  numer ica l  values of the coefficients may have r e -  
sulted if a profile c lose to the shape of the r e a l  profile was assumed.  
5. Comparison of r e su l t s  for  stationary and towed jet 
experiments 
The r e su l t s  of the towed jet experiments showed li t t le 
difference f r o m  other experiments.  The concentration measurements  
f r o m  Runs 40-8T, 40-12T and 80- 16T revealed the dilution ra t ios  
were  slightly sma l l e r  than those obtained f r o m  stationary jet experi-  
ments  a s  shown in  Figs.  60(g), 60(h) and 60(j). The jet t ra jec tor ies  
a l s o  checked well  a s  shown in Figs .  60(g), 60(h), 60(i) and 60(j). 
The comparison of the motion pictures taken for both cases  
fur ther  confirmed this conclusion. Therefore,  the effect of ambient 
turbulence and flow non-uniformity can be neglected as a f i r s t  approxi- 
mation for prac t ica l  purposes in the range of these experiments.  At 
s t i l l  l a rger  distances f r o m  the source,  the ambient turbulence will  
ultimately become dominant in  the mixing processes.  
CHAPTER VIII 
DISCUSSION OF THE RESULTS 
The discussion of the resu l t s  is given i n  two par t s .  F i r s t  the 
resu l t s  on the problem of a buoyant jet in a stagnant, s t ra t i f ied 
environment a r e  discussed, then the problem of a buoyant jet in  a 
uniform c r o s s  s t r eam.  
VIII-A. A Round Buoyant Je t  in a Stagnant Environment with Linear 
Density Stratification 
1. Limitations of the theoret ical  solutions 
The theoret ical  solutions obtained in Chapter IV a r e  based 
on the assumptions l isted in Chapter 111. The applicability of the 
solutions depends upon the validity of these  assumptions.  
  he assumptions on the s imilar i ty  of both velocity and buoyancy 
profiles for  jets in stratified environments have not been proved 
experimentally. However, based on the resu l t s  for plumes in uniform 
environments obtained by Rouse, Yih and Humphreys ( 3 0 ) ,  the assump-  
tions a r e  probably reasonable.  But for  jets in stratified environments 
the assumptions a r e  not uniformly valid throughout the flow field. The 
assumptions a r e  not expected to  hold nea r  the te rminal  points where 
the upward jet flows a r e  interfered with by the sinking jet fluid f r o m  
the top. The deviations a r e  different fo r  different types of the jet 
flows. The jet flows in  density- stratified environments a r e  classified 
into three types; namely, ver t ical ly  r is ing,  near ly  vertically r i s ing  
and jets with strong horizontal  momentum fluxes a s  shown in Fig.  62. 
F o r  a vertically r i s ing  o r  near ly  ver t ical ly  r is ing jet, the interference 
i s  expected to  be grea t  near  the top region. But in the case  of a jet 
with strong horizontal  momentum flux the flow af te r  reaching the 
te rminal  point will  proceed predominantly in the direction of the 
horizontal  momentum with l i t t le o r  no interference with the main jet 
flow. Thus the solutions can well  be applied to  the whole flow region 
for  the jets with strong horizontal  momentum flux. But the solutions 
for the other two types near the te rminal  points can be erroneous.  
The distinction between the l a s t  two types of flows can be established 
by examining the jet t ra jec tor ies  near  the te rminal  points. If the 
local  curvature i s  la rge  then the flow belongs to  the second type, i. e. 
a nearly ver t ical ly  r is ing jet; otherwise i t  belongs to  the third type. 
The curvature effect of the jet t ra jec tory  i s  neglected in the 
analysis.  The e r r o r  involved i s  of the order  of the ra t io  of the local 
charac ter i s t ic  length and the radius of curvature of the jet t ra jectory.  
Such e r r o r  i s  s m a l l  except near  the te rminal  point for a nearly 
ver t ical ly  r is ing jet. F o r  inclined jets with low Froude number the 
init ial  sha rp  curving of the jet t ra jec tory  may a l s o  lead to some e r r o r .  
Such e r r o r  can be roughly estimated by examining the solutions on the 
jet t ra jec tor ies  and jet half widths. 
The Boussinesq assumption involves an  e r r o r  of the o rde r  of 
A P / P ~ .  Therefore the solutions can be applied only when the density 
variation throughout the flow field i s  small .  The approximation i s  
good fo r  the case  of the sewage jets discharging into the ocean where 

the maximum difference in density i s  about 2. 570. But in experiments,  
sometimes the difference could reach  10% especially for modeling the 
low Froude number c a s e s ;  the e r r o r  will  be correspondingly l a rge r .  
The density stratification of the ambient  fluid can either be 
caused by tempera ture  or salinity variations.  The requirement  that 
the density difference i s  sma l l  implies  that the density gradient 
should a l s o  be weak. Such weak density stratification is not expected 
to  significantly affect  the detailed charac ter i s t ics  of a turbulent jet 
when the jet charac ter i s t ic  length i s  small .  When the jet charac ter -  
i s t i c  length i s  la rge ,  such a s  nea r  the te rminal  point, the density 
stratification can actually suppress  the jet into a flat layer  of fluid a s  
that observed af te r  reaching the te rminal  point. Therefore the 
solutions can not be continued beyond the te rminal  points based upon 
the same  formulation. 
The density of the fluid may be related to the heat  or  sal t  content 
by the densitydeficiency equation (28) only if the density of the fluid 
va r i e s  l inearly with the heat  or  sal t  content. The degree of approxi- 
mation depends upon the propert ies  of the fluid and i t s  sal t  solutions. 
But for  the smal l  range of density variation a s  a s sumed  h e r e  the 
approximation is reasonable and consistent with other assumptions.  
The density deficiency equation can a l s o  be applied if the density 
change involves both hea t  and sal t  provided bp i s  a l inear  function of 
the tempera ture  change and the sal t  concentration increment.  
In applying the theoret ical  solutions the zone of flow establish- 
ment i s  taken to follow exactly the resu l t s  by Albertson, Dai, Jensen 
and Rouse (4) on s imple jets. F o r  low Froude  number c a s e s  the zone 
may  be deflected by the buoyancy forces  acting on the jets. But f r o m  
what was observed in  the experiments with the lowest Froude number 
F = 10, there  seemed to  be no substantial  curving of the jet ax is  for 
distances s ' / D  l e s s  than 6. 2. 
2. Limitations of the experimental  investigation 
Experiments  were  ca r r i ed  out in a tank of finite s ize  over 
t ime duration of about 5 minutes for each run. The t ransient  effect 
on the jet flows was tested by taking t ime lapse photographs of the 
development of the dyed jet t ra jec tor ies .  Superpositions of the t r a c e s  
for  both Je t  Nos. 1 and 2 a r e  shown in Fig. 24. There  seemed to be 
l i t t le difference between the t r a c e s  fo r  the region of interest .  Thus 
the t ransient  effect on the jet t ra jec tor ies  can be neglected shortly 
a f t e r  the jet reaches  the te rminal  point. At this  moment the effect 
of the walls of the tank would probably not be felt  by the jet flow. The 
change of the ambient density stratification was a l s o  negligible con- 
sidering the dimension of the tank and the volume of jet fluid 
discharged. 
As  stated by Ricou and Spalding (29) the entrainment r a t e  of a n  
axisymmetr ic  jet could be considered independent of the jet Reynolds 
number,  R = U D / v ,  only if R i s  g rea te r  than 25,000. All  the experi-  
0 
ments  in this study had R l e s s  than that number because of the 
necessity of modeling the gravity effect and the limitation of the 
dimensions of the apparatus  a s  shown in Table 1. Concentration 
measurements  for ordinary jets with R = 6,000 revealed deviations of 
l e s s  than 370 on center- l ine dilution values f r o m  the established resu l t s  
( see  Fig. 31). Therefore the effect of low Reynolds number could 
affect the resu l t s  probably within 5% for  the range of R in  the experi-  
ments .  
In all the experiments for  jets in density-stratified environments 
only photographs of the dyed jet t ra jec tor ies  were  taken. Concentra- 
tion or velocity measurements  in the jet flow field have not been made 
because of the prac t ica l  difficulty in performing such measurements  
in a stratified environment. 
3.  Comparison of the theoret ical  and experimental resu l t s  
The comparison of the jet t ra jec tor ies  and the nominal jet 
boundaries i s  shown in  Section V-C. Using a = 0.082, the agreements  
a r e  in genera l  good except for  the case  of a ver t ica l  jet. F o r  a ver t ica l  
jet, the theory tends t o  underest imate the te rminal  height of r i s e ;  for 
this  problem the best value of a appears  to  be 0.057, although m o r e  
experimental evidence i s  needed. The discrepancy may a l s o  be due 
to breakdown of many of the assumptions near  the te rminal  region of 
the jet. 
F o r  a buoyant jet i n  a uniform environment, the theory by using 
a = 0.082 and h = 1.16 predicted t ra jec tor ies  and nominal jet 
boundaries that agreed  well with the observed dyed jets. Without 
measured  velocity and concentration distributions,  i t  was not possible 
to determine whether other values might be slightly better.  
4. Coefficient of entrainment a 
The value of the entrainment coefficient a used in comparison 
of theory and experiment was 0.082, the s a m e  value a s  obtained f r o m  
the r e su l t s  of Rouse, Yih and Humphreys (30) on simple plumes. 
Although the comparison covered only two quantities, i. e. the jet 
t ra jec tory  and the nominal jet width, it should provide the overal l  indi- 
cation on the jet g r o s s  behavior. Both quantities a r e  inter-related with 
the complete jet g r o s s  charac ter i s t ics  such a s  the volume flux and 
components of momentum flux pa ramete r s ,  and detailed profiles of 
velocity and density. 
A s  long as the buoyancy force  i s  in  the same  direction as  the flow, 
s imi lar i ty  can be reasonably assumed.  But a s  the jet overshoots i t s  
position of neut ra l  buoyancy, the buoyant fo rce  becomes negative and 
decelerates  the jet until i t  sinks back to a neutral  level. During this 
flow reve r sa l ,  s imi lar i ty  undoubtedly i s  a poor approximation. F o r  
ver t ica l  buoyant jets ( three experiments) ,  the maximum height of r i s e  
i s  predicted bet ter  by a = 0.057 than 0.082; present  resu l t s  do not 
pe rmi t  a c loser  determination of a. 
5. Turbulent Schmidt number h2 or spreading ra t io  X 
The different r a t e s  of spreading of velocity and buoyancy 
profi les  a r e  considered by taking the turbulent spreading ra t io  X to be 
1. 16 based upon Rouse et  a l .  ' s  (30)  data. The X chosen gives a dilution 
ra t io  S about 15% grea ter  than the case  when the value of i s  taken 
0 
to  be unity a s  indicated by eq. (58) in Section IV-E.  
Without detailed profi les  i t  was not possible t o  determine 1 
direct ly  f rom the present  experiments.  
VIII-B. A Round Buoyant J e t  in a Uniform Cross  S t r eam of 
Homoeeneous Densitv 
1, Limitations of the theoret ical  solutions 
The theoret ical  solutions a r e  obtained based upon the 
assumptions l isted in  Chapter 111. 
The velocity and buoyancy distributions were  a s sumed  to be in 
the following fo rms  a c r o s s  a section normal  to the jet ax is :  
J. 
u ( s , rY  q) = Ua cos @ + U ( S )  e - r 2 / b 2  
and 
P -P"  ( s Y  r ,  rp) = [ p a - p  (s)] e - r2 /b2 a 
The actual  observed c r o s s  sections in the jets a r e  in horse-shoe  
shapes,  because the c r o s s  cu r ren t  develops two vort ices  within the 
jet flow and a wake behind i t  ( s ee  Fig. 57) .  Thus the assumed 
profiles a r e  not ent i rely real is t ic .  But the integral  technique employed 
in  the analysis  will s t i l l  give good re su l t s  on g r o s s  behavior if 
reasonable s imi lar i ty  exists and the relative importance of the t e r m s  
a r e  preserved  even though the exact shape of the profiles a r e  replaced 
by some s impler  profiles in the analysis.  F o r  example,  in  the 
analysis  of buoyant jets in stagnant environments and in  para l le l  
ambient cu r ren t s ,  "top-hat" distributions were  used by Morton (21). 
The resu l t s  a r e  the same  a s  for  Gaussian profiles if an  appropriate  
numerical  value of the coefficient of entrainment i s  used. 
In the integration over the jet c r o s s  section, the profiles were  
truncated a t  the d i s t a n c e f i b  for  the t e r m s  like Uacos g which do not 
contain fac tors  of e -r2'b2. This inconsistency of l imits  of integration 
involves a discrepancy of about 13% in the u t e r m s  in comparison with 
the case  where the l imit  i s  taken to  be f i b  for  a l l  the t e rms .  
The different r a t e  of spreading between the velocity and 
buoyancy profiles was neglected for simplicity in  the formulation - 
i. e. was assumed to be 1. This could lead to a n  underestimation of 
the dilution ratios.  But due t o  lack of experimental information the 
exact spreading rat io X i s  unknown. The e r r o r  involved in determining 
the dilution rat ios  i s  believed t o  be of the same order  of that for  jets 
in stagnant environments, that i s  about 15%. 
The ra t e  of entrainment was assumed to be proportional to  the 
vector difference of the local character is t ic  velocity and the ambient 
velocity a s  given by: 
The value of the entrainment coefficient a was assumed to  be constant. 
Because the entrainment mechanism h e r e  is affected great ly by the 
normal  component of the ambient velocity the nature of the coefficient 
a i s  expected t o  be different f r o m  the a for jets in stagnant environ- 
ments ( see  Section VIII-B-3 below). 
The effect of the presence of the wake region produced by the jet 
flow was assumed to be represented by a g ross  drag t e r m  with a d rag  
coefficient C '. This i s  a rough but necessary  approximation. The d 
jet bends over toward the downstream direction not only due to the 
entrainment of the ambient horizontal  momentum but a l s o  because of 
the d rag  force.  ( F o r  lack of a better assumption, the d rag  i s  based 
on the velocity component no rmal  to  the jet. ) The values obtained 
will be discussed in  Section VIII-B-3 below. 
The effect of the ambient turbulence was not considered i n  the 
analysis .  Thus the resu l t s  should only be applied i n  a uniform non- 
turbulent s t ream.  The theoret ical  solutions a r e  however expected 
to  be applicable with reasonable accuracy  to  the c a s e s  where the 
ambient s t r e a m  is weakly turbulent and to  the region close t o  the 
nozzle. The effect could only be determined by experimental studies. 
In summary  the analysis  based upon these assumptions should 
provide a reasonably good theoret ical  model of the g ross  jet 
behavior in c r o s s  s t r eams .  At the s a m e  t ime experimental studies 
were  made to  provide the necessa ry  numerical  coefficients and 
examine the comparison between the theoret ical  and observed 
resu l t s .  
In application to prac t ica l  problems,  the zone of flow establish- 
ment  i s  assumed to follow the relations shown in  Section VI-E. F o r  
the c a s e s  of the velocity ra t io  k grea ter  than 8 the re  was no available 
information on the length of the zone of flow establishment except k = w 
which gives s '/I? = 6. 2. Relations were  obtained by simple interpola- 
e 
tion f r o m  the c a s e s  of k = $, 6, 8 and w . The e r r  or involved is un- 
known, although probably small .  
In evaluating the local  maximum concentration c ,  a n  excess  of 
60 to  80% over the predicted value c should be added in  view of the 
observed concentration profiles.  The l a t e ra l  widths r l o o  a r e  twice 
the widths rO .  as  shown in Figs.  57 and 58. 
2. Limitations of the experimental investigation 
Concentration measurements  were  made in a l l  the experi-  
ments  to  determine the jet t r a j e c t ~ r i e s ~ h a l f  widths,and variation of 
dilution rat ios  (Chapter VII). No velocity measurements  were  made 
in the jet flows. 
The experiments were  ca r r i ed  out in a flume flow. The boundary 
layer  of the flume flow was largely avoided by injecting the jets f rom 
the f r e e  surface.  Two s izes  of orifice plates were  used in  the experi-  
ments  and the r e su l t s  reproduced well in the overlapped region of 
measurements .  Thus the effect of the presence of the flume walls 
was considered to  be negligible in  the experiments.  
The point concentration values were  determined by a finite s ize  
probe a s  shown i n  Fig. 47. Since the measurements  were  ca r r i ed  out 
in  the regions where the jet widths were  la rge  in comparison with the 
probe s ize,  such sampling e r r o r  was considered to be negligible. This 
was a l so  confirmed by the reproducibility of the resu l t s  f r o m  runs  
using two orif ices  of different s ize.  
The minimum value of the jet Reynolds numbers  for the runs  of 
this study was 6, 800. The effect was uncertain but believed to be 
unimportant in the range studied. 
The maximum range of the measurements  was up to  S ' / D  = 250 
f r o m  the orifice. It was not feasible to  c a r r y  out experiments a t  
l a rge r  distances by the present  technique. In the runs where only the 
l a rge r  s ize  orifice plate was used the distance S ' / D  was  around 140 o r  
less .  
3 .  Determination of the entrainment coefficient a and 
the d rag  coefficient Cdl 
The coefficients of entrainment a and the d rag  coefficients 
C ' were  determined by matching the theoret ical  and experimental  d 
r e su l t s  on jet t ra jec tor ies  and the dilution rat ios  S for  jets of different 
init ial  conditions. The values of the coefficients a r e  summarized  in 
Table 5. The comparison of the resu l t s  a r e  shown in Figs .  60(a)  to  
(j) in  Section VII- C. Although the choice of a and Cdl values fo r  each 
case  was based upon the best fitted r e su l t s ,  cer ta in  deviation s t i l l  
existed. But such deviations a r e  not out of proportion to  the approxi- 
mations made throughout the analysis .  
The entrainment coefficient a and the d rag  coefficient C ' were  d 
found to  vary  fo r  the different cases .  This variation i s  probably caused 
mainly by the assumptions of constant shape of profiles for  different 
velocity ra t io  c a s e s  since the shape of the profiles i s  expected to  vary  
a s  the velocity ra t io  changes. 
The value a varied f rom 0.4 to 0.5 for  the cases  studied. The 
values a r e  considerably l a rge r  than the value used for  buoyant jets 
in stagnant environments,  which is a = 0.082. The basic entrainment 
mechanisms for  these  two cases  a r e  believed to  be different. The 
component of the ambient velocity normal  to  the jet ax is  i s  a main 
contributing factor to  the entrainment for  the jets in c r o s s  s t r e a m s  
while i n  stagnant environments the jets entrain the ambient fluid by 
pure  aspirat ion due to  the jet flow. The value of a for jets in c r o s s  
s t r e a m s  could be sma l l e r  if a m o r e  rea l i s t ic  velocity distribution i s  
assumed.  
The value of a tends to dec rease  as  the velocity ra t io  k inc reases  
( see  Fig. 61). This is reasonable because in the limiting c a s e  when k 
becomes infinite (or  the ambient fluid i s  stagnant), a should approach 
the value 0.082. The value of a a l s o  dec reases  slightly a s  the F 
inc reases  (i. e ,  a s  the buoyancy effect decreases) .  However, the 
overal1,change of the a value i s  not la rge  for the range studied. 
The drag  coefficient Cd' va r i e s  f r o m  0. 1 to  1.5,  o r  C f r o m  0. 1 d 
to  1.7, decreasing as the velocity ra t io  k increases .  The effect of 
including the drag  t e r m s  changes the location of the jet ax i s  a t  la rge  
distance but makes relatively l e s s  change in other jet quantities such 
as the dilution ra t io  and the half width. Neglecting the drag  t e r m s  
will  be permissible  only when the velocity ra t ios  a r e  la rge  and the 
Froude numbers  sma l l  a s  indicated by the resu l t s  obtained. 
4. Comparison of the theoret ical  and experimental r e su l t s  
The comparison of the theoret ical  and experimental resu l t s  
on jet t ra jec tor ies ,  widths and dilution ra t ios  a r e  shown in Figs .  60(a) 
to  (j) .  The overal l  agreements  a r e  considered to  be good. Although 
the values of the coefficients were  based on the comparison of the jet 
t ra jec tor ies  and dilution ra t ios  f r o m  both experimental and theoret ical  
r e su l t s ,  the predicted jet half widths ro .  agreed  fa i r ly  well  with the 
measured  values. Thus the theoret ical  solutions can be used for 
prac t ica l  purposes in  predicting the g r o s s  jet behavior. 
The deviations a r e  generally bigger fo r  l a rge r  velocity r a t io  
cases .  The theory tends t o  underest imate the dilution ra t ios  a t  s ' / D  
over 100. F r o m  towed jet experiments it was confirmed that the dis- 
crepancy was  not caused by ambient turbulence in the flume flow. 
This e r r o r  m a y  be caused by the e r r o r  in  the assumption on the zone 
of flow establishment. Before the profiles t r ans fo rm into the hor se -  
shoe shapes the re  m a y  exist  a fa i r ly  long t ransi t ion region between the 
a s sumed  end of the zone of flow establishment and the fully developed 
region. 
5. Effect of the ambient turbulence 
The effect of the turbulence in the flume flow was determined 
by conducting a se t  of towed jet experiments a s  described in  Chapter VII. 
F o r  s f  / D  l e s s  than 250 with a n  ambient turbulence intensity under 
5010, the effect was found to be unimportant on the jet g ross  behavior. 
Therefore under these conditions the jet mixing is dominated mainly 
by the interaction of the jet and the mean ambient s t ream.  The self-  
generated turbulence is then the main  factor in  jet diffusion. 
At l a rge r  dis tances o r  in the presence of m o r e  intense ambient 
turbulence intensity the jet will undoubtedly diffuse a t  a f a s t e r  ra te .  
This has  not been investigated in this study. 
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CHAPTER IX 
SUMMARY AND CONCLUSIONS 
IX-A. Previous Knowledge about a Round Buoyant Je t  in a Stagnant 
Environment. 
The problem of a round jet in a stagnant environment is  
summarized  in Table 6. The flow configurations, investigators,  
their  approaches and r e su l t s  a r e  a l l  l isted in the table. 
Morton, Taylor and Turner  (23) f i r s t  applied the in tegra l  type 
analysis  with a n  a s sumed  entrainment relation: 
where  Q i s  the volume flux a t  a no rmal  c r o s s  section 
u is the local  charac ter i s t ic  velocity 
b i s  the local charac ter i s t ic  length 
a is the coefficient of entrainment.  
They analyzed the problem of a plume in a l inearly density-stratified 
environment by assuming a constant a .  Morton (22) subsequently 
investigated the problems of ver t ica l  buoyant jets in both uniform 
and s trat i f ied environments based upon the same  approach. 
Abraham (1, 3 )  pointed out that the a values for s imple jets 
and simple plumes were  different (0.057 vs  0.082). Since the 
behavior of the buoyant jet initially was like a simple jet and la ter  
a plume, he argued that a could not be assumed constant in solving 
buoyant jet problems. Instead, he proposed a semi-empir ica l  method 
Table 6. A brief summary  of the studies on jets i n  stagnant 
environments 
Type of I J e t  Flow I A SIMPLE J E T  (AN ORDINARY MOMENTUM JET) 
(axisymmetr ic)  
Flow 
Configu- 
rat ion 
m = m o  
X 
A continuous source  
of momentum only 
Contents 
gator s 
2. Velocity profiles I 
Methods of Approach 
- -- - 
Numerous 
Various methods; an 
important branch of 
f r e e  turbulent flows. 
I - 1 Albertson, 1. u - - x  , b - - x  Experimental  studies Dai, Jensen  2. Similar i ty  or" velocity 
1. Data ag ree  with 
Albertson e t  al. 
2. Entrainment  r a t e  
independent of R 
if R > 25,000 
& Rouse 
(5) 
Ricou & 
Spalding 
(2  9) 
profiles (Gaussian). 
3 .  Data give a = 0. 057. 
Measurements  of 
entrainment r a t e s  . 
P r e s e n t  
Study 
(Section 
Concentration measure -  
ments  along jet  axes.  
So = 0. 185 2 for  D 
R -6 6,000 as  shown 
in Fig. 31 (indicates 
A ' =  1. 16). 
Table 6 (continued) 
Type of 
J e t  Flow A SIMPLE PLUME 
Flow 
Configu- 
ration 
A continuous source 
of buoyancy only. 
(axisymmetr ic)  
Schmidt 
(32) 
Methods of Approach 
gator s 
1. Analysis based on 
mixing length hypothesis 
2. Measurements  over 
heated .grids. 
Resul t s  
2. Velocity and tempera-  
tu re  profiles.  
Rouse, 
Yih & 
Humphreys 
(3 0) 
?. Analysis based s n  
s imi lar i ty  assumptions. 
2 .  Measurements  over 
f lames.  
-113 1. u--y , b- -y  
2. Velocity and buoyancy 
profiles (Gaussian). 
3. Data give a = 0. 082 
X = 1. 16 
Ricou & 
Spalding 
(2 9)  
Measurements  of 
entrainment r a t e s  . 
Data ag ree  with Rouse 
e t  al .  
Table 6 (continued) 
Type of 
J e t  Flow 
A SIMPLE PLUME IN A LINEARLY DENSITY - 
STRATIFIED ENVIRONMENT 
Flow 
Configu- 
r a t  ion 
Y Y 
A continuous source  
of buoyancy only m>O 
(axisymmetr ic)  I3 
m =O p o Pa 
n 
Resul t s  
G r o s s  flow behavior 
obtained by numerical  
integration. 
cr, = 0. 023 suggested. 
Methods of Approach 
Morton, 
Taylor & 
Turner  
(23) I 
1. Integral type analysis 
based on: 
a.  Similar i ty  assump- 
tions. 
b. Entrainment  relation 
(4) with a 
constant coefficient 
of entr ainrnent. 
2.  Photographic observa-  
tions. 
Table 6 (continued) 
Type of 
J e t  Flow 1 AVERTICALBUOYANTJET (FORCED PLUME) 
Flow 
Configu- 
ration v m> m 0 I3 =Po A continuous source  of buoyancy and momentum 1, (axisymmetric) mo, Po 
Resul t s  
G r o s s  flow behavior 
suggesting a = 0 . 0 8 2  
and = 1.16 
Gross  jet behavior on 
u, b and concentration 
variations.  
1. Concentration var ia -  
tions along jet axes.  
2. Fluctuations of the 
concentrations . 
1. Gross  jet behavior 
2. Comparison of the 
resu l t s  shown, in  
F ig .  5. 
Methods of Approach 
k 
Morton 
(22) 
Abraham 
11) 
Frankel  & 
C umming 
(14) 
F a n  & 
Brooks 
(in prepa-  
ration, 
s a m e  
technique 
a s  shown 
in (12)) 
Integral type analysis 
based upon constant 
a and h values. 
Integral type analysis 
based upon specified 
jet width functions. 
Concentration 
measurements .  
Morton type analysis 
used for numerical  
integration of equations 
for  a wide variety of 
cases .  
Table 6 (continued) 
Type of A VERTICAL BUOYANT J E T  (FORCED PLUME) 
J e t  Flow I LINEARLY DENSITY -STR ATIFIED ENVIRONMENT 
Flow 
Configu- 
rat ion 
Morton 
(22) 
Y 
,++,' \- A continuous source m> 0 of buoyancy and f3#Po momentum m 
(axisymmetr ic)  o Pa 
Qo  
Methods of Approach Resul t s  
Integral type analysis 
assuming constant 
coefficients a and X 
1. Gross  jet behavior 
2. Suggesting a = 0. 082 
and X = 1. 16 
I Presen t  / I .  Morton type analysis. I I .  Gross  jet behavior 
Study hTumerical 5 olutlon of 
(Chapter 
IV) 
differential equations 
for  var iety of cases  
at  B o  = 90" 
2. Experiments  compared 
with theory. 
2. Comparison of the 
predicted and observec 
terminal  heights by 
using h = l ,  16 and 
different a values ( see  
Table 2) 
Table 6 (continued) 
Type of 
J e t  Flow 
I 
AN INCLINED BUOYANT J E T  (FORCED PLUME) 
Flow 
C onfigu - 
ration 
Contents K- 
Investi-  
g ator s \ 
of buoyancy and 
momentum at an 
angle 8 with the 
horizon?al direction 
( three dimensional) 
"="P 
m O ~ P O  
9 0  
Methods of Approach Resul t s  
Abraham 
( 1 3  2) 
Integral type analysis 
by specifying jet  width 
a s  a function of 8 
Gross  j e t  behavior for  
F ranke l  & 
C u m r n i ~ g  
(14) 
Concentration 
measurements .  
Variations of concentr a -  
tlons along jet  axes for  
various 8 values.  
0 
Cederwell  
(10) 
Integral type analysis Concentration variations 
along jet axes . 
F a n  & 
Brooks 
(12) 
Morton type analysis 
for  numerical  integration 
of equations for  many 
cases  
1. Gross  jet behavior  
for  B o  = o0 
2. Comparison of the 
present  r e su l t s  with 
Abraham's ,  
Cederwell ' s  and 
F r ankel and Gumming's 
a r e  shown in Fig.  6. 
P r e s e n t  
Study 
(Sec. V-C) 
Experiments  Comparison of predicted 
and observed jet  t ra jecto-  
r i e  s and nominal half 
widths (Figs .  29 and 30). 
Table 6 (continued) 
Type  of AN INCLINED BUOYANT J E T  (FORCED P L U M E )  IN ( Je t  Flow 1 A LINEARLY DENSITY -STR ATIFIED ENVIRONMENT 
to account for  this var iable  growth of the jet for  horizontal  and 
ver t ica l  discharges.  Fan  and Brooks (12) analyzed the s a m e  
horizontal  jet problem assuming a constant coefficient of entrainment 
a s  a n  approximation. Their r e su l t s ,  using a = 0.082 agreed  well  
with the experimental  resu l t s  (Chapter 11), previous experiments,  
and Abraham's  analysis.  
All  the analyses  were  based upon integral  approaches covering 
the g r o s s  behavior of the jets. The details of the jet flows were  
forsaken for  simplicity in  the analysis .  
IX-B. Contribution of the P r e s e n t  Study to the P rob lem of a Round 
Buoyant J e t  in a Stagnant Stratified Environment. 
1. Theoret ical  Predictions.  
By adopting the Morton-type in tegra l  approach, using 
s imilar i ty  assumptions,  the problem of a n  inclined round buoyant jet 
in a stagnant l inearly density- stratified envis onment ha-s been solved 
theoretically ( see  Chapter IV). The resu l t s ,  especially for horizontal  
discharge,  a r e  useful in prediction of the g r o s s  behavior of the 
inclined buoyant jets a r i s ing  in pollution control problems. (More 
detailed r e su l t s  covering a wider range of init ial  conditions together 
with two-dimensional jet c a s e s  will  be presented in a future repor t .  ) 
The problem was formulated based upon the assumptions l isted 
in Chapter III. The equations with seven unknowns were  solved 
numerically. There  were  three relevant dimensionless pa ramete r s  
to the problem, namely the init ial  angle of discharge, go,  the init ial  
volume flux pa ramete r ,  y. and the init ial  momentum flux parameter  0, 
m (see  Fig.  11 ). The density gradient and strength of the buoyancy 
0 
source  a r e  included in the dimensionless pa ramete r s .  F o r  finite 
nozzles (diameter D), the m and y were  related with the jet Froude 
0 0 
number F and a stratification parameter  T defined a s :  
and 
Ei ther  se t  of pa ramete r s  (8 m po or  go '  F, T) can be used to  
0' 0' 
define the problem, but the second set  i s  m o r e  convenient to  use in 
prac t ica l  problems.  
2. Experimental  Investigation. 
Thir ty- three jet experiments were  ca r r i ed  out in a 
laboratory tank. Tra jec tor ies  of dyed jets were  determined photo- 
graphically. (See Chapter V. ) 
Theoretical resu l t s  on the jet t ra jec tor ies  and nominal half 
widths were  compared with the observed dyed jet fo rms  by using a 
constant coefficient of entrainment a = 0.082. In general,  the agree-. 
ment was good. But, for ver t ica l  jets in stratified environments the 
prediction of te rminal  heights of r i s e  by using a = 0.057 seemed 
to  give better resu l t s .  F o r  round buoyant jets in uniform environ- 
ments  the solutions for jet t ra jec tor ies  by using a = 0.082 agreed  
better with observed jet flows than Abraham's  (1) solutions by 
specifying a ra te  of growth function. 
Therefore,  based upon the findings of the present  study, a 
constant coefficient of entrainment a = 0.082 and a turbulent spread-  
ing ra t io  1 = 1. 16 a r e  recommended for the analysis  of the round 
buoyant jet in a stagnant environment, either uniform in density o r  
l inearly-stratified.  The theoret ical  solutions obtained in this study 
based upon various assumptions a r e  considered to be sufficiently 
accura te  and sat isfactory f o r  prac t ica l  purposes.  The e r r o r  of 
predictions may sti l l  be of the order  of * 10 to 20%; however, this  
i s  reasonably good for turbulent stratified flow. 
IX-C. Previous Knowledge About a Round Je t  in a Uniform Cross  
Stream. 
The previous studies on round jets in uniform c r o s s  s t r e a m s  
a r e  summarized in  Table 7 .  The investigations were  mostly 
experimental and on the determination of the jet t ra jec tor ies .  F o r  
ordinary momentum jets,  measurements  were  made by Gordier (15), 
Jordinson (17), Keffer and Baines (18) on jet velocities. Because 
of the rapid r a t e  of decay of velocity, such measurements  were  
limited to  the region close to the nozzle. An integral  type analysis  
was attempted by Keffer and Baines by assuming an entrainment 
mechanism based upon sca la r  difference of the velocities. F o r  
buoyant jets, measurements  were  made on jet t ra jec tor ies  by 
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Table 7. A Brief Summary of Studies on J e t s  in C r o s s  S t reams 
Type of 
J e t  Flow 
Flow 
Configu- 
r a t  ion 
AN ORDINARY J E T  (A NON-BUOYANT J E T )  IN 
A UNIFORM CROSS STREAM 
u a  
Pa 
TiF- 
~ 1 ' ~ o  
Resul ts  
1. Total head distribution 
(horse-shoe shape) 
2. J e t  t ra jec tor ies  and 
velocity distribution 
along jet axes 
1. Total head distribution 
(horse-  shoe shape) 
2. J e t  t ra jec tor ies  
1. Similar i ty  of velocity 
distribution along s -axis 
2. J e t  t ra jec tor ies  and 
velocity distribution 
along jet axes de ter -  
mined f rom experiments 
3 .  Turbulence 
charac ter i s t ics  
Methods of Approach 
Gordier  
(1 5) 
Jordinson 
(17)  
Keffer & 
B aine s 
(18) 
Total head measurements  
near  the nozzle 
Total head measurements  
near  the nozzle 
1. Velocity measurements  
near  the nozzle 
2.  Integral  type analysis 
a s  suming entrainment 
relation based on s c a l a r  
difference of velocities 
i 
Table 7 (continued) 
Type of 
J e t  Flow 
Flow 
Configu- 
ration 
A BUOYANT J E T  (A FORCED PLUME) IN A 
UNIFORM CROSS STREAM 
ua 
- 
pa fi 1 g 
7 j ~  P1<P a 
~ 1 ' ~ o  
Resul ts  
- 
J e t  t ra jec tor ies  expressed 
i n  empir ica l  fo rms  
J e t  t ra jec tor ies  
1. J e t  t ra jec tor ies  a t  
l a rge  distance 
2. Excess  of tempera ture  
over the center  -line 
maximum: 2 870 
1. J e t  t ra jec tor ies  
2 .  Drag coefficients by 
fitting experimental 
resu l t s  
1. J e t  g r o s s  behavior 
2. Numerical  values of a 
and Cd (Table 5) 
3.  Concentration profiles 
(horse-shoe shape) 
Methods of Approach 
I 
C allaghan 
& Ruggeri  
(9 )  
Pr ies t ley  
(2 6) 
C s anady 
(1 1) 
Vizel & 
Mos tinskii  
(3 5) 
P r e s e n t  
Study 
(Chapters 
VI & VII) 
Experimental determina-  
tion of jet  t ra jec tor ies  
Study of a smoke plume 
in  a horizontal wind a s  
a sheared-over ver t ical  
plume 
Analysis of smoke plume 
a s  a weak line thermal  
Analysis of jet t ra jecto-  
r i e s  based on the drag 
mechanism only 
1. Integral type analysis 
based on the entrain- 
ment  relat ion ( 17 ) and a 
g r o s s  drag assumption 
2. Concentration measure -  
ments  
Callaghan and Ruggeri (9),  and Vizel and Mostinskii (35). The la t ter  
obtained a n  analytical expression based entirely on a drag  model 
without considering the entrainment.  The d rag  coefficients were  
found to be much g rea te r  than those for  a solid body of corresponding 
size.  
There  was no previous investigation which could be used in 
predicting the g r o s s  behavior of a round buoyant jet in a uniform 
c r o s s  s t r e a m  with resu l t s  covering not only t ra jec tor ies  but a l s o  
dilution ra t ios  and jet half widths. (See Chapter 11). 
IX-D. Contribution of the P r e s e n t  Study to  the P rob lem of a Round 
Buovant Je t  in a Uniform Cross  S t r eam of Homopeneous 
Densitv. 
1. Theoretical analysis .  
Integral  type analysis  was ca r r i ed  out (Chapter VI) by 
assuming an  entrainment mechanism based upon the vector difference 
of the velocities: 
where  r. and a r e  respectively the jet center-l ine velocity and the 
J a 
ambient velocity. The effect of the p r e s s u r e  field was a s sumed  to be 
lumped into a g r o s s  drag  t e r m  with a constant d rag  coefficient C d ' 
Although the observed profiles were  actually ho r se -  shoe shaped due 
to  vort ices ,  the profi les  were  assumed to be c i rcu lar  in shape and 
s imi lar .  
The relevant pa ramete r s  to the problem a r e  the jet Froude 
number F and a velocity ra t io  k defined a s :  
The init ial  angle of discharge was limited to the right angle. The 
effect of ambient  turbulence was not included in the analysis .  
2. Experimental  investigations. 
Experiments  were  ca r r i ed  out in  a laboratory flume by 
discharging heavy sal t  solutions into f r e sh  water  flowing in the flume. 
Ten cases  with F varied f r o m  10 to 80 and k f r o m  4 to  16 were  studied. 
Concentration measurements  were  conducted to determine the jet 
t ra jec tor ies ,  half widths and dilution ra t ios .  By matching both the 
t ra jec tor ies  and variation of dilution ra t ios  between analytical and 
experimentai  resu l t s  the vaiues of C and a were  determined for  d 
each case.  As presented in  Chapter VII, the theoret ical  jet half widths 
agreed  well with the observed values. Thus the analysis  based upon 
the g ross  assumptions made descr ibes  the jet flow adequately and i s  
applicable i n  prac t ica l  problems.  
3 .  Values of the coefficients a and Cd. 
- - -- 
The values of the entrainment coefficient a were  found to 
va ry  f r o m  0 .4  to  0 .5  a s  shown in Table 5 , Chapter VII. Also l isted 
were  values of the drag  coefficients C which varied f r o m  0. 1 to 1.7. d 
Approximate values can be chosen f r o m  the table for prac t ica l  
applications. The la rge  variation i n  Cd has  not been explained, and 
must  indicate some difficulty with the mathematical  model. 
Here  the value of a is much l a rge r  than that for a jet in a stagnant 
environment. It i s  probably caused by the difference in the entrainment 
mechanism. F o r  a jet in a stagnant environment, the entrainment i s  
mainly due to  an a sp i r a to r  action of the jet, whereas i n  a c r o s s  s t r eam,  
the component of U no rmal  to  the jet i s  of considerable importance in  
a 
the entrainment of the ambient fluid. The value of a i s  a l so  related to  
the shape of a s  sumed profiles.  The value of a drops f r o m  0.5 to 0.4 
as k va r i e s  f r o m  4 to 16 indicating a co r rec t  t rend,  since as k becomes 
infinite the value of a should be equal to  the a-value for  a jet in a 
stagnant environment. The a-value va r i e s  a l s o  with the jet Froude 
number.  Over a range of F f r o m  10 to 8 0 , a  changed f r o m  0.5 to  0.4. 
The values of C a r e  roughly equal to or l e s s  than the d rag  d 
coefficient for  a solid body. The values indicate the importance of 
the effect of the p r e s s u r e  field. 
The theory gives better r e su l t s  for low velocity ra t io  cases .  F o r  
high velocity ra t io  cases ,  a long transit ion region may exist  between 
the assumed zone of flow establishment and the region where the 
distributions of velocity and concentration become s imi lar  (in a ho r se -  
shoe pat tern) .  This may account for the discrepancy between theoret ical  
and experimental resu l t s .  
4. Effect of ambient turbulence. 
The effect of ambient turbulence was not included in  the 
analysis.  A special  s e t  of experiments was ca r r i ed  out by towing 
the jet along the stagnant ambient fluid. Results on jet t ra jec tor ies  
and dilution ra t ios  ag reed  well  with r e su l t s  obtained in flume flow 
experiments.  Thus under the flume flow conditions where  the 
turbulence intensity was estimated to be under 5% the jet g r o s s  
behavior was dominated by i t s  self-generated turbulence up to a 
distance of t r ave l  of about 250D. (Chapter VII. ) 
5. Concentration profiles.  
Several  complete c r o s s  -sectional concentration profiles 
were  obtained. (Figs.  57  , and 58 , Chapter VII.) The profiles 
a r e  horse-shoe  shaped with maximum concentration a t  two sides  of 
the plane of symmetry.  The maximum concentrations have excesses  
ranging f r o m  80 to 60% of the value c a t  the jet axis .  F o r  prac t ica l  
applications such excesses  should be considered. The la te ra l  half 
width r '  was observed to  be about twice of the half width r 0 .5  0 .5  On 
the plane of symmetry.  
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A P P E N D I X  A 
SUMMARY OF NOTATIONS 
a subscripts  denoting quantities of the ambient fluid 
A jet c r o s s  section normal  to the jet ax is  
b local  charac ter i s t ic  length o r  half width of the jet 
b half width of the jet a t  the end of zone of flow establishment 
0 
C 
0 
initial concentration a t  the end of the zone of flow 
establishment,  i. e.  a t  0 
c concentration a t  jet ax is  
C : local concentration value 
Cd drag  coefficient 
d 
Cdt reduced drag coefficient = - ar 
D ini t ia l  jet diameter  
Do diameter  of a sharp-edged orifice 
e exponential function 
f dimensionless buoyancy parameter  
u 
F densimetr ic  jet Froude number defined a s  0 
F init ial  jet buoyancy flux 
0 
g gravitational accelerat ion,  9 8 l c m / s e c  2 
h dimensionless horizontal  or  x-momentum flux parameter  
SUMMARY OF NOTATIONS (continued) 
u 
0 
velocity r a t io  = - u (jet: cu r ren t )  
a 
dimensionless momentum flux pa ramete r  
init ial  dimensionless momentum flux parameter  
subscript  denoting init ial  values 
origin of the coordinate systems (x, y), beginning of 
the zone of established flow 
origin of the coordinate sys t em (x' ,  y ' ) ,  point of the 
jet discharge 
r ad ia l  distance measured f r o m  the jet ax is  on A 
r a t  which c::: = 0. 5c on the plane of symmetry  for  jets 
in c r o s s  s t r e a m s  
r a t  which c +  = 0 . 5 ~  on the plane normal  to  the plane 
of s yrnrnetr y and the jet axis 
U D 
0 init ial  jet Reynolds number defined a s  - 
V 
paramet r i c  distance along jet ax i s  
center-line dilution ra t io  = c o / c  
center-line dilution rat io  with respec t  to  jet discharge 
2x2 S 
concentration = -14-12 
t e rmina l  dilution rat io ,  i. e. S a t  the te rminal  point 
subscript  denoting values a t  the te rminal  point 
stratification parameter  
SUMMARY OF NOTATIONS (continued) 
jet velocity a t  the center-line of the jet (excess  over 
the ambient velocity component U cos 0 )  a 
jet velocity a t  a local  point 
ambient velocity 
velocity along the jet ax is  
jet discharge velocity 
dimensionless ver t ica l  or y-momentum flux pa ramete r  
coordinate ax is  in horizontal  direction on the same  
plane a s  jet ax is  with origin a t  0 
coordinate ax is  in horizontal  direction on the s a m e  
plane a s  jet ax is  with origin a t  0' 
x-coordinate of the te rminal  point 
coordinate ax is  in ver t ica l  direction, same direction 
a s  gravitation, with origin a t  0 
coordinate ax is  in ver t ica l  direction, s ame  direction 
as gravitation, with origin a t  0' 
t e rmina l  height of r i s e ;  y-coordinate of the t e rmina l  
point 
coefficient of entrainment 
buoyancy flux parameter  
dimensionless ver t ica l  distance (y) 
dimensionless te rminal  height of r i s e  (y ) t 
dimensionless horizontal  distance (x) 
V t :  dimensionless horizontal  distance ( x )  t 
SUMMARY O F  NOTATIONS (continued) 
dimensionless distance along s -axis  ( s )  
dimensionless distance ( s  ) t 
angle of inclination of the jet ax is  (with respec t  t o  x-axis)  
ini t ia l  angle of inclination (with respec t  t o  x-axis )  
spreading r a t io  between buoyancy and velocity profiles;  o,r l2 
i s  the turbulent Schmidt number 
dimensionless volume flux pa ramete r  
dimensionless init ial  volume flux parameter  
dimensionless t e rmina l  volume flux parameter  
kinematic viscosi ty  in cm2 / sec  
density along the jet ax is  in g r / m l  or  center-line density 
density of the ambient fluid 
re ference  density taken a s  p (0) a 
init ial  jet density 
local density within a jet 
local ambient density 
angular coordinate on a c r o s s  section normal  
to  the jet ax is  
standard deviation 
APPENDIX B 
PUBLISHED DISCUSSIONS 
1. Discussion by the author and P ro fesso r  Norman H. Brooks of 
"Turbulent Mixing Phenomena of Ocean Outfalls", by Richard I?. 
Franke l  and James  D. Cumming. Published in  the Proceedings of 
Amer ican  Society of Civil Engineers ,  Journal  of Sanitary Engineering 
Division, - 92, SAl,  February ,  1966, pp. 296-300. 
Discussion by Loh-Nien Fan and Norman H. Brooks 
LOH-NIEN F .4~22  AND NORMAN H. BROOKS,~~M.  ASCE .- The laboratory 
research by Frankel and Cumming has providedgreater insight into the prob- 
lem of mixing of a buoyant plume ina  homogeneous environment. This type of 
flow pattern is generated by jet discharges of sewage effluent from ports in an 
ocean outfall diffuser, when the ocean is not density-stratified. 
The authors' results indicate that better dilutions are  obtained for horizontal 
jets than for any upward inclination of jet discharge. In recent years, it has 
been the usual practice to use horizontal ports in multiple-port diffusers. How- 
ever, were i t  not for the problem of bottom scouring, downward jets would be 
even better. 
The large observed fluctuations of the concentration with time at a fixed 
point in a plume emphasize the difficulty of sampling to determine a mean 
concentration, either in the laboratory o r  the ocean. The authors are  correct 
a April, 1965, by Charles M. Proctor (Proc. Paper 4288). 
b April, 1965, by Richard J. Frankel and James D. Cumming (Proc. Paper 4297). 
22 Graduate Research Asst., W. M. Keck Lab. of Hydraulics and Water Resources, 
California Inst. of Tech., Pasadena, Calif. 
23 Prof. of Civ. Engrg., W. M. Keck Lab. of Hydraulics and Water Resources, 
California Inst. of Tech.. Pasadena, Calif. 
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in stating that individual samples with concentrations a s  much a s  twice a s  
high a s  the time-average should be expected. However, in the ocean these 
spots of high concentration (and high gradient) will quickly disappear a s  a re- 
sult of the natural oceanic turbulence. 
The observations of the effect of the free surface, a s  shown in Figs. 9 and 
10, a re  helpful. As the authors indicate, it is  necessary to distinguish between 
data o r  solutions that apply at the surface from those which apply at the same 
height of r ise within a deep body of water. The authors' curves are  for mea- 
surements made below the surface transition zone, and apparently no direct 
observations were made of the thickness of surface transition zone. Their 
empirical estimate of the thickness of the transition zone (one-quarter of the 
depth) is apparently based on comparison of their experimental data with that 
d 
.%.- 
- FRANKEL 8 CUMMING?I RESULTS 
---- FRANKEL 6 GUMMING'S RESULTS 
(nduced to water aurface) 
--- RAWN.BOWERWN e BROOKS' 
EXPERIMENTAL CURVES7 
(on water surface) 
FIG. 18 
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, :. 
' 
of Rawn and Palmer (as analyzed by Rawn; Bowerman, and, 
apply to the surface. 
Fig. 12 shows a comparison of various results for a 
Froude number C = 10. A more complete comparison lor horiEontal jets is 
shown in Fig. 18, for F = 2, 4.8, and 16, in which S represents the commonly 
. used dilution ratio, defined a s  S = Co/C. Frankel and Cumrning~s resclts 
(solid lines) show higher dilution (lower concentration) in all cases; to make 
the results applicable to the surface they propose a shift of the curves to 
th&'~%ght (as shown) corresponding to a one-third increase in depth-diameter 
ratio, y/d. The amount of this shift appears somewhat arbitrary and does not 
.product2 complete consistency for all Froude numbers and depths, but in 
general the agreement is good. 
However, the question remains a s  to whether the difference in results 
is primariIy the result of the surface zone rather than to a Combinatlot? ~f 
experimental errors,  various differences in experimental arrangement and ' 
procedure, and possibly Reynolds number (which is not specified in the 
paper). The thickness of the surface transition zone, Hs, should be con- 
sidered not oilly a s  a simple proportion of the depth but also a s  a function 
of the parameters of the rising plume, y/d, F , and the discharge angle. Fur- 
thermore, Hs should also be related to the character of the horizontal surface 
flow Layer as well a s  the rising plume. The thickness of the horizontal flow 
layer depends on the dynamics of that current, including factors such a s  
duration of experimental run, lateral constraints, and secondary circulation 
in the tank (or currents in the ocean). Considering these factors, the writers 
believe that, in  most cases, Hs would be considerably less than 1/4 d. 
It is also interesting to note in Fig. 18 that Abraham's theory,8,24 whiqh 
neglects the surface transition zone, gives lower diluticlns than the curves! by 
Rawn, Bowerman, and Brooks, with best agreement a t  low Froude numbers. 
If a surface zone correction were applied in the same manner a s  for Frankel 
and Gumming, the difference between the curves for Abraham and Kawp, 
Bowerman, and Brooks would begreatIy increased, Thus, the wide, diqcrepancy 
between Frankel and Gumming's experiments and Abraham's theory is not 
explained by the effect of the surface zone. In a recent paper ~braharnZ4 hiis 
&so commaated on this discreparrcg. 
In performing experiments in the laboratory, the writers have found it  more 
convenient to  inject salt solations xnto fresh water and observe the pattern of 
the falling plume. Because similarity i s  according to Froude's law, i t  makes 
no difference whether the apparent gravity acts up or down. Because friction 
and wave effects at tho free surface are  negligible, it can be simulated by th* 
solid bottom of a laboratory tank. 
The s ize  of the probes used by the autlzors seems to be too large for small 
y/d where the jct width was smalI. By Fig. 3, the probes have a diameter of 
approximately 0.36 in, whereas the diameter of the nozzle used was only 
0.365 in.13 Thus, the dimension of the probe was of the same order as the jet 
width for a considerable range of y/d. In this range, the measured concentra- 
tion, C ,  would necessarily give a srnalIer value than the actual C value on the 
jet -5, because the probe would read only the averaged C values over a 
24 Abraham, G., 'Horizontal Jets in Stagnant Fhid of Other Density," Journal of the 
Hydraulics Division, ASCE, Vol. 91, No. HY4, Proc. Paper 4411, July, i965, pp. 139- 
154. 
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region around the probe. The e r ro r  would be less  for larger y/d because the 
jet width would be proportionally bigger. 
Fig. 19 presents a comparison of the results for vertical jets with 
Abraham's theoretical solution on log-log scale.8 From y/d 2 15, the mea- 
sured values of S(or c ~ / c )  are consistently lower than Abraham's solution 
but tending to the latter a s  y/d increases. This may be a result of the probe 
being too large. However, the reverse curvature of the curves between y/d 
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- 02 
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- 0.3 
-- FRANKEL 8 GUMMING'S 
RESULTS - 0.4 
I I I I t  0.5 
20 40 60 80 100 
1, 
d 
FIG. 19 
= 10 and 15 remains to be explained. Also, in Fig. 17, the sharply curving 
parts of the curves for horizontal jets at low values of y/d do not seem plau- 
sible, and are  not consistent with Fig. 15. 
To simplify the discussion of the asymptotic rate of change of C with y, i t  
i s  best to plot the curves on log-log graphs a s  in Figs. 18 and 19 rather than 
as semi-log graphs used by the authors (Figs. 12, 15, 16, and 17). On log-log 
graphs the slope n i s  simply the exponent in the equation S - yn or C - y-n, and 
i t  i s  not necessary to make derivative graphs a s  in Fig. 11. Theoretically, 
for vertical jets near the source, C - y-1, and far away, C - y-5/3; except for 
300 February, 1966 SA 1 
the anomoly around y/d = 10, the authors' curves do show an increasing slope 
in Fig. 19 a s  y/d increases. For F = 4, y/d = 70, the slope o r  exponent is n 
= 1.4, which i s  not far from 5/3. For the horizontal jets (Fig. 18) the asym- 
ptotic slope of the solid curves (authors' experiments) is  approximately 1.8 
(for F = 8 and 16), again not far from 5/3. It is difficult to determine the 
slopes accurately because the experiments were not conducted at constant 
F and variable y/d. Therefore, the curves shown for each Froude number 
have been interpolated. 
These values of slope apparently contradict the authors' conclusion (page 
58) that for large y/d the exponent approaches one. The writers do not agree 
with the authors' statement . . . for ocean outfalls where density differences 
(and hence buoyancy) are  small, relative changes in the concentration dis- 
tribution for large values of y/d are similar for cases of both buoyancy and 
nonbuoyancy and can be approximated by (~/d)-l ."  Whether density differences 
a re  relatively large or  small can only be expressed through the Froude 
number in this p r o  b 1 e m; therefore, Eq. 9 giving the 5/3 r e  1 a t  i o n s h i p  
is not subject to any lower limit on the values of density differences ~ p / p ~ .  
In fact the total buoyancy of aplume i s  preserved with distance, and a constant 
upward driving force is applied, causing a gradual increase in the over-all 
momentum flux above its initial value. The citation to Morton, Taylor, and 
Turner12 on this point is not appropriate because their analysis pertains to a 
stratified ambient environment. 
The writers disagree with the conclusion, page 57, that "Further increases 
in depth beyond y/d = 50 give minimal advantages to mixing in the vicinity of 
the discharge point." This statement is  not based on data, but is just an 
'opinion; for example, a t  F = 16, y/d = 50, S = Co/C = 40 by Fig. 17, whereas 
at y/d = 80, S = 90, which i s  surely better than 40. There is no phenomenon 
limiting growth of plumes for y/d > 50. A reasonable value of y/d can only be 
decided a s  part  of a particular design problem. For example, the 120-in. 
outfall with 742 ports built in 1965 by the Sanitation Districts of Los Angeles 
County a t  Whites Point has minimum port diameters of 2.0 in. a t  depths of 
approximately 165 ft  (y/d = 1,000) and maximum of 3.6 in. at 195-ft depth 
(y/d = 650). Port  spacing is at 12 f t  on both sides of a 4,440-ft-long diffuser 
pipe. The use of smallports was desirable to take full advantage of the natural 
density stratification in the ocean toproduce asubmerged sewage field. Design 
problems must also consider interference between adjacent rising plumes, 
which may sometimes be done by assuming a line source.25 
25 Brooks, N. H., and Koh, R. C. Y., "Discharge of Sewage Effluent from a L i e  
Source into a Stratified Ocean," XIth Congress, Internatl. Assn. for Hydr. Research, 
Leningrad, USSR. September, 1965. 
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PUBLISHED DISCUSSIONS (continued) 
2. Discussion by the author and P ro fesso r  Norman H. Brooks 
of "Horizontal J e t s  in  Stagnant Fluid of Other Density", by Ger r i t  
Abraham. Published in  the Proceedings of the Amer ican  Society 
of Civil Engineers ,  Journal  of Hydraulics Division, 92, HY 2, 
-
(March, 1966), pp. 423-429. 
(Note: The values of the dilution ra t ios  f r o m  F a n  and Brooks analysis  
2X2 in Fig.  8 on page 429 should all be multiplied by a factor of - 1tX2 ' 
about 1.15, and consequently the agreement  with Abraham's  curve i s  
not quite as close a s  indicated. ) 
HOKIZONTAL JETS IN STAGKANT FLUID OF OTHER lIENSITYa 
Discussion by Loh-Nien Fan and Norman H. Brooks 
LOH-MEN  FAN^^ AND NORMAN H. BROOKS, M. A S C E . ~ ' - ~ ~  this paper, 
.Abraham has successfully analyzed the gross behavior of a turbulent buoyant 
jet (discharged horizontally), and compared the theory favorably with experi- 
ment& The analytical results a re  useful i11 the design of ocean outfall diffu- 
s e r s  and may be used with reasonable confidence at a scale beyond the reach 
of laboratory experiments because of tile physical basis of the analysis. It 
advances beyond the dimensional analysis approach presented previously for 
this prol~lem by Elawn, Bowerman, and I3rooks.l4 
Abraham's solution follows the integral approach by assuming that the ve- 
Xocityand buoyancy profiles a r e  Gaussian across the jet, and integrating' them 
over the jet or plume cross section. This procedure simplifies the relation- 
shipsfor the variation of gross properties alongthe path of the jet. One of the 
main.'dffficulties in analysis of turbulent jets is to specify the rate a t  which 
fluid is eoJrained in the jet, or alternatively to specify the rate of growth of 
the plume or jet. From the present (1966) knowledge of free turbulent shear 
flows i t  is not clear how best to express this entrainment, especially in a suf - 
ficiently simple manner to permit a solution to the over-all problem of the 
curving buoyant jet. 
The writers believe that the author's representation of the entrainmentrate 
is not entirely logical. The author makes an assumption concerning the rate 
of growth of the jet by taking the velocity profile as in Eq. 6, namely 
in which k is not taken a s  constant but a s  an empirical function of p ,  the local 
angle of inclination of the plume ( ~ q ,  16). Because the angle,b, varies with 
distance alongthe axis, s, then k is also variable with s. The profile mayalso 
be expressed as 
in which b = the nominal radius of the jet ( = v 5  G) and changes, of course, wit11 
distance s along the axis. Abraham, in effect, takes the nominal radius to be 
a July, 1965, by Gerrit Abraham (Proc. Paper 4411). 
19 Graduate Research. Asst., W. M. Keck Lab. of Hydraulics and Water Resources, 
California Inst. of Tech., Pasadena, Calif. 
20 Prof. of Civ. Engrg., W. M. Kcck Lab. of Hydrnullcs 3nct Water Ilesources, Cali- 
fornia Inst, of Tech,, Pasadena, Calif. 
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in which k ( s )  indicates k is afunction of s. Thus, the rate of spreading by his 
assumption is not linear with distance. 
Abraham invented ,Eq. 16to match two supposedly asymptotic cases-the 
horizontal momentum jet ( B = 0 and F = = ) and the vertical buoyant plume 
( 8 = n/2 and F = 0). The fact that lc i s  different for these two cases does 
not prove that k should be a simple function of P ;  rather, the writers believe 
that the variation of k results from the difference in the internal structure of 
the jet between the cases whenbuoyancy is insignificant and when i t  is a major 
driving force. This distinction is not a function of 8. Furthermore, in the 
asymptotic cases cited, k was used as a constant, not varying with distance, 
and experimental values have considerable scatter. 
The rate of entrainment by the author's analysis may be shown to be 
( ~ q .  35 in the paper should also have included a second term with dk/ds.) 
This result is dubious because i t  implies that the entrainment rate is not unique - 
ly determined by local conditions of the jet but rather by i t s  distance from the 
origin and the geometry of i t s  trajectory. 
A better and more simple alternative i s  to assume that the rate of entrain- 
ment is proportional to the local characteristic (o r  maximum) velocity, um, 
and the local characteristic radius of the jet o r  plume, following the tech- 
niques used successfully by Morton, Taylor and Turner21 and ~ o r t o n . 2 2  Thus 
in which um and b a r e  defined by Eq. 36, and cr = a dimensionless constant of 
proportionality. The effect of curvature is neglected, a s  the author has also 
done. By this means, full use is made of the continuity equation, which is ac- 
tually bypassed by Abraham's assumption of k and p a s  functions of angle 8 
( E ~ s .  16 and 17). 
The value of a for buoyant plumes based on data of Rouse, Yih, and Hum- 
p h r e y ~ 6  in 0.P82, while for momentum jets the value is 0.057 based on data 
by Albertson, Dai, Jensen, and ~ouse .2  Therefore, LY cannot be a universal 
constant but shouldvary somewhat a s  the relative buoyancy o r  a local Froude 
number changes. 
However, the coefficient cr will be assumed constant for simplicity, a s  others 
have done successfully. Morton & aJ.21 found that in the case of buoyant 
21 JIorton, B. R., Taylor, G. I., and Turner, J. S., 'Turbulent Gravitational Convec- 
tion from Maintained and Instantaneous Sources," Proceedings, Royal Society, Series 
A. London, England. Vol. 234, 1956. pp. 1-23. 
22 hiorton, B. R., -Forced P l ~ r n e s , ~  Journal of Fluid Mechanics, Vol. 5, 1959, pp. 
151-163. , 
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plumes in a stratified environment the results based on a constant CY agreed 
with experimental observations. Later, Lee and ~mmons23  also reached th'e 
conclusion that a can be considered a s  a constant in their study of line sources 
of buoyancy and momentum. 
The analysis that follows will demonstrate how the problem solved by 
Abraham (depicted in Fig. 7) can also be readily solved using the continuity 
equation with constant entrainment coefficient cr a s  in* Eq. 39. The writers 
believe that this assumption provides a fairly goo$ agrpfoximate solution to 
the problem and i t  is consistent with the order of &pproximation implicit in 
various other assumptions made throughout the analysis. The results agree 
FIG. 7.-SCHEMATIC DIAGRAM OF A BUOYANT AXISYMMETRIC JET, 
DISCHARGED HORIZONTALLY 
well with Abraham's and thus suggest that the simple entrainment formula is 
as valid a s  the author's approach using Eqs. 16 and 17. 
First, the similarity assumption is made on both velocity and buoyancy . 
profiles for the jet cross-section (Fig. 7), as in Eqs. 6 and 7 but written in 
slightly different forms 
23 Lee, S. L., and Emmons, H. W., "A Stady of Natural  Convection above a Line 
Fire," ndon, England, Vul. 1, 1962, pp. 353-368. 
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in which b = a locai characteristic length; and 
in which X = 1/c= a dimensionless spread ratio between velocity and buoy- 
ancy profiles, o r  the ratio of the turbulent diffusion coefficient for mass to that 
for momentum. The rate of increase of volume flux d w d s ,  based on the defi- 
nition of a, has been given by Eq. 39. Eqs. 11, 14, 13, 12, 9, and 10 then be- 
come respectively (see Fig. 7 for coordinate system): 
Continuity 
Vertical momentum 
d(.rn:b2 ) 2 2 p i p m  
-- ......... ds sin = g A b --- (43) Pa 
Buoyancy flux 
m - ,  
2 a b (iy -p ) = constant ............ 
a m 
Geometry 9 = sin 8 . .  ................ .(45) ds 
The usual Boussinesq assumption of small density difference has been made. 
For  convenience of normalizing the equations, define dimensionless quan- 
tities a s  follows: 
Volume flux parameter: 
. . .  
a b2 
m y =- .. - e . e s .. e ..... e . e (47) 
-0 b0 
~Vomentum flux parameters: 
h = m cos 8 ................... (49) 
v = rn sin 0 .................. .(50) 
Then Eqs. 41 to 46 can be written in the following dimensionless form: 
d?j 
-
7 
. . . . . . . . . . . . . . . . . .  a t  = Y rn .(54) 
h = constant = ho . . . . . . . . . . . . . . .  (55) 
. . . . . . . . . . . . . . .  in which m = {h o - v2 .(59) 
Thus normalized, the initial conditions for a horizontal jet at = 0 a re  
The zone of flow establishment is neglected because of i ts  smail extent in most 
applications; nevertheless, the initial values are based on Gaussian'distribu- 
tfons of velocity and density defect, such a s  would occur at the end of the zone 
of flow establishment. 
Solutions to this system of four ordinary differential equations (Eqs.  54, 
56, 57, and 58) were obtained for values of the parameter n2, ranging f r d ~  
0.3 to 20.0. The numerical integrations were performed by an IBM 7094 cam-- 
puter, adopting the Runge-Kutta method with automatic control on truncation 
errors.  The results yield the four variables y ,  v, t: , and 71 as functions of 1, 
One of the advantages of this method of solution in normalized form is that 
the entrainment coefficient, a, and tlie mixing ratio, X : have not yet been 
specified, and may be chosen as desired. 
The dilution of any contanlinant may now be determined as follo~vs. Let c 
be the concentration, which follows the same profile equation as for (pa  -p) , 
Fq. 40, 
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Because the flux of the contaminant is conserved, 
c n r b  2 
- 
............ 
- m m  
. = constant (62) 
Therefore, related to initial values c,, uo, b, the product cm urn b2 evalu- 
ated a t  any point along the plume is simply 
Defining S, a s  the dilution on the centerline, and using Eqs. 41 and 60 
For the convenience of comparison with existing results, the Froude num- 
ber F (E~. 3) is found to be related to the dimensionless initial momentum 
flux parameter mQ by 
In deriving Eq. 65, the initial jet diameter D has been assumed to be J2 bo 
basedon results of Albertson e t a . 2  for zone of flow establishment. It should 
be noted that the quantity F 172 used by Abraham is the same a s  f used by 
Ram, Bowerman, and ~rooks.14 
Also found is the following relationship between y/D and 4v'E;;;; 
With suitable numerical values of the dimensionless coefficients, a! and A,  
the results of the numerical solutions to the differential equations can now be 
given in the form Sm = f ( y / ~ ,  ~1/2) ,  as shown in Fig. 8. Assuming that the 
over-all mixing is more simiIar to that of a buoyant plume than that of a mo- 
mentum jet in the range of Fig.8, the values o! =0.082 and h = 1.16 have been 
selected as  being most reasonable, based on the literature.6,22 The agree- 
ment indilution values obtained by Abraham and by the writers is remarkably 
good in the range covered in Fig. 8. Although not shown here, the computed 
trajectories also checkreasonably well: For example, the writers' trajectory 
for f 1/2 = 24 matches the author's for F1/2 = 20 (not a large discrepancy). 
One of the principal advantages of the entrainment equation (Eq. 39) over 
the author's approach is that it is more flexible and can be used on a wider 
variety of problems, such a s  those involving buoyant jets and plumes in a 
stratified environment. The variation of plume width b with distance need not 
be specified in advarlce, a s  by the author, but can actually be derived from the 
equations of motion and c ~ n t i n u i t ~ . ~ ~ , ~ ~  This is a necessity in problems where 
the density stratification actually sto s the rising buoyant plume at an inter - 
mediate level, with the solulions21.2~ in the limit u, - 0, and b-.n. 
Further research, including the cases of buoyant jets discharged into strat i-  
fied environments at  various angles, is in progress by the writers a t  the 
California Institute of Technology. 
FIG. 8.-COIVIPARISON O F  ABlIAHAM'S AND WRITERS' ANALYSIS FOR 
CENTEK LINE DILUTION, S, AS FUNCTION O F  y/D AND F 
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p. 81 L a s t  ter .m of Eq. (64) should read :  
p. 82 L a s t  t e r ,m of Eq. (66) should read :  
Cd A P  
b sin2 8 cos  0 
Ts ua 
p. 85 Eq. (79) should read :  
p. 86 Eqs .  (81) to (83) should read:  
Cd'cl 
- dv f U -  
dc  - m s in2  8 cos 0 kra  
p. 86 Second l ine below Eq. (85)  should read :  
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